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Abstract

The Georgi-Machacek model adds scalar triplets to the Standard Model Higgs sector in such a way
as to preserve custodial SU(2) symmetry in the scalar potential. This allows the triplets to have a non-
negligible vacuum expectation value while satisfying constraints from the ρ parameter. Depending on
the parameters, the 125 GeV neutral Higgs particle can have couplings to WW and ZZ larger than in
the Standard Model due to mixing with the triplets. The model also contains singly- and doubly-charged
Higgs particles that couple to vector boson pairs at tree level (WZ and like-sign WW , respectively).

GMCALC is a FORTRAN program that, given a set of input parameters, calculates the particle
spectrum and tree-level couplings in the Georgi-Machacek model, computes the couplings and decay
branching ratios of the scalars, and checks theoretical, indirect, and direct experimental constraints.
It also generates param card.dat files for MadGraph5 or MadGraph5 aMC@NLO to be used with the
corresponding FeynRules model implementation.

∗Code available from http://people.physics.carleton.ca/∼logan/gmcalc/ .
†logan@physics.carleton.ca
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1 Introduction

The Georgi-Machacek (GM) model [1, 2] is an extension of the Standard Model (SM) Higgs sector con-
taining additional scalars in the triplet representation of SU(2)L. The particle content is such that an
additional global SU(2)R symmetry can be imposed by hand on the scalar potential. This ensures that the
custodial SU(2) symmetry, which fixes ρ ≡M2

W /M
2
Z cos2 θW = 1 at tree level in the SM, is preserved after

electroweak symmetry breaking.
Without the stringent constraint from the ρ parameter, the vacuum expectation value (vev) of the

triplets can be large, leading to interesting phenomenology. In particular, depending on the parameters,
the 125 GeV neutral Higgs particle can have couplings to WW and ZZ larger than in the SM due to
mixing with the triplets. The model also contains singly- and doubly-charged Higgs particles that couple
to vector boson pairs at tree level, leading to H+

5 →W+Z and like-sign H++
5 →W+W+ signatures. Such

an H+W−Z coupling is absent at tree level in two Higgs doublet models (2HDMs), and the H++W−W−

coupling is severely suppressed in triplet models without custodial symmetry in which the triplet vev is
forced to be very small by the experimental constraint from the ρ parameter.

This manual describes the FORTRAN code GMCALC. Given a set of model parameters, GMCALC cal-
culates the mass spectrum and relevant mixing angles in the scalar sector, as well as the tree-level couplings
of the scalars. It also checks that theoretical constraints from perturbative unitarity of the quartic scalar
couplings, bounded-from-belowness of the scalar potential, and the absence of deeper custodial-symmetry-
breaking minima are satisfied. The code also checks consistency of the parameter point with indirect
experimental constraints from the S parameter, b→ sγ, and B0

s → µ+µ−. It also checks consistency with
direct experimental searches for additional Higgs bosons through an interface to HiggsBounds 5.2.0 [3] to-
gether with a few additional processes implemented in GMCALC itself, and with the LHC measurements
of the signal strengths of the 125 GeV Higgs boson through an interface to HiggsSignals 2.2.1 [4]. Finally,
it computes the couplings, branching ratios and total widths of the scalars. Most of the code is based on
our work in Refs. [5, 6, 7].

GMCALC includes a routine to generate param card.dat files for MadGraph5 to be used with the cor-
responding FeynRules [9] model implementation. The FeynRules implementation for the Georgi-Machacek
model, as well as a Universal FeynRules Output (UFO) [8] file for use with the MadGraph5 aMC@NLO
framework [10] including automatic calculation of the next-to-leading order QCD corrections, can be down-
loaded from the model database at http://feynrules.irmp.ucl.ac.be/wiki/GeorgiMachacekModel.

This manual is organized as follows. In Sec. 2 we give a brief description of the GM model and set
our notation. In Sec. 3 we review the theoretical constraints and their implementation. In Sec. 4 we
describe the indirect experimental constraints that are implemented in the code. In Sec. 5 we summarize
the computation of the decay partial widths of the scalars and specify the approximations made in the
code. In Sec. 6 we describe the direct experimental constraints. Finally in Sec. 7 we give instructions for
using the GMCALC code.

2 Georgi-Machacek model

2.1 Scalar potential

The scalar sector of the Georgi-Machacek model consists of the usual complex doublet (φ+, φ0) with
hypercharge1 Y = 1, a real triplet (ξ+, ξ0, ξ−) with Y = 0, and a complex triplet (χ++, χ+, χ0) with
Y = 2. The doublet is responsible for the fermion masses as in the SM. In order to make the global
SU(2)L×SU(2)R symmetry explicit, we write the doublet in the form of a bi-doublet Φ and combine the
triplets to form a bi-triplet X:

Φ =

(
φ0∗ φ+

−φ+∗ φ0

)
, (1)

1We use Q = T 3 + Y/2.

3

http://feynrules.irmp.ucl.ac.be/wiki/GeorgiMachacekModel


X =

 χ0∗ ξ+ χ++

−χ+∗ ξ0 χ+

χ++∗ −ξ+∗ χ0

 . (2)

The vevs are defined by 〈Φ〉 =
vφ√

2
12×2 and 〈X〉 = vχ13×3, where the Fermi constant constrains

v2
φ + 8v2

χ ≡ v2 =
1√

2GF
≈ (246 GeV)2. (3)

Note that the two triplet fields χ0 and ξ0 must obtain the same vev in order to preserve custodial SU(2).
Furthermore we will decompose the neutral fields into real and imaginary parts according to

φ0 →
vφ√

2
+
φ0,r + iφ0,i

√
2

, χ0 → vχ +
χ0,r + iχ0,i

√
2

, ξ0 → vχ + ξ0, (4)

where we note that ξ0 is already a real field.
Using the notation of Ref. [5], the most general gauge-invariant scalar potential involving these fields

that conserves custodial SU(2) is given by

V (Φ, X) =
µ2

2

2
Tr(Φ†Φ) +

µ2
3

2
Tr(X†X) + λ1[Tr(Φ†Φ)]2 + λ2Tr(Φ†Φ)Tr(X†X)

+λ3Tr(X†XX†X) + λ4[Tr(X†X)]2 − λ5Tr(Φ†τaΦτ b)Tr(X†taXtb)

−M1Tr(Φ†τaΦτ b)(UXU †)ab −M2Tr(X†taXtb)(UXU †)ab. (5)

(A translation table to other notations used in the literature is given in the appendix of Ref. [5].) Here
the SU(2) generators for the doublet representation are τa = σa/2 with σa being the Pauli matrices, the
generators for the triplet representation are

t1 =
1√
2

 0 1 0
1 0 1
0 1 0

 , t2 =
1√
2

 0 −i 0
i 0 −i
0 i 0

 , t3 =

 1 0 0
0 0 0
0 0 −1

 , (6)

and the matrix U , which rotates X into the Cartesian basis, is given by

U =

 −
1√
2

0 1√
2

− i√
2

0 − i√
2

0 1 0

 . (7)

We note that all the operators in Eq. (5) are manifestly Hermitian, so that the parameters in the scalar
potential must all be real. Explicit CP violation is thus not possible in the Georgi-Machacek model.

2.2 Electroweak symmetry breaking and physical spectrum

Minimizing the scalar potential yields the following constraints:

0 =
∂V

∂vφ
= vφ

[
µ2

2 + 4λ1v
2
φ + 3 (2λ2 − λ5) v2

χ −
3

2
M1vχ

]
, (8)

0 =
∂V

∂vχ
= 3µ2

3vχ + 3 (2λ2 − λ5) v2
φvχ + 12 (λ3 + 3λ4) v3

χ −
3

4
M1v

2
φ − 18M2v

2
χ. (9)

Inserting v2
φ = v2 − 8v2

χ [Eq. (3)] into Eq. (9) yields a cubic equation for vχ in terms of v, µ2
3, λ2, λ3, λ4,

λ5, M1, and M2. With vχ (and hence vφ) in hand, Eq. (8) can be used to eliminate µ2
2 in terms of the

parameters in the previous sentence together with λ1. We illustrate below how λ1 can also be eliminated
in favor of one of the custodial singlet Higgs masses mh or mH [see Eq. (21)].
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The physical field content is as follows. The Goldstone bosons are given by

G+ = cHφ
+ + sH

(χ+ + ξ+)√
2

,

G0 = cHφ
0,i + sHχ

0,i, (10)

where

cH ≡ cos θH =
vφ
v
, sH ≡ sin θH =

2
√

2 vχ
v

. (11)

The physical fields can be organized by their transformation properties under the custodial SU(2) symmetry
into a fiveplet, a triplet, and two singlets. The fiveplet and triplet states are given by

H++
5 = χ++,

H+
5 =

(χ+ − ξ+)√
2

,

H0
5 =

√
2

3
ξ0 −

√
1

3
χ0,r,

H+
3 = −sHφ+ + cH

(χ+ + ξ+)√
2

,

H0
3 = −sHφ0,i + cHχ

0,i. (12)

Within each custodial multiplet, the masses are degenerate at tree level. Using Eqs. (8–9) to eliminate µ2
2

and µ2
3, the fiveplet and triplet masses can be written as

m2
5 =

M1

4vχ
v2
φ + 12M2vχ +

3

2
λ5v

2
φ + 8λ3v

2
χ,

m2
3 =

M1

4vχ
(v2
φ + 8v2

χ) +
λ5

2
(v2
φ + 8v2

χ) =

(
M1

4vχ
+
λ5

2

)
v2. (13)

Note that the ratio M1/vχ is finite in the limit vχ → 0, as can be seen from Eq. (9) which yields

M1

vχ
=

4

v2
φ

[
µ2

3 + (2λ2 − λ5)v2
φ + 4(λ3 + 3λ4)v2

χ − 6M2vχ
]
. (14)

The two custodial SU(2) singlets are given in the gauge basis by

H0
1 = φ0,r,

H0′
1 =

√
1

3
ξ0 +

√
2

3
χ0,r. (15)

These states mix by an angle α to form the two custodial-singlet mass eigenstates h and H, defined such
that mh < mH :

h = cosαH0
1 − sinαH0′

1 , (16)

H = sinαH0
1 + cosαH0′

1 ,

and we will abbreviate cα = cosα, sα = sinα. The mixing is controlled by the 2× 2 mass-squared matrix

M2 =

(
M2

11 M2
12

M2
12 M2

22

)
, (17)
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where

M2
11 = 8λ1v

2
φ,

M2
12 =

√
3

2
vφ [−M1 + 4 (2λ2 − λ5) vχ] ,

M2
22 =

M1v
2
φ

4vχ
− 6M2vχ + 8 (λ3 + 3λ4) v2

χ. (18)

The mixing angle is fixed by

sin 2α =
2M2

12

m2
H −m2

h

,

cos 2α =
M2

22 −M2
11

m2
H −m2

h

, (19)

and is chosen to be in the range α ∈ (−π/2, π/2], so that cosα ≥ 0. The masses are given by

m2
h,H =

1

2

[
M2

11 +M2
22 ∓

√(
M2

11 −M2
22

)2
+ 4

(
M2

12

)2]
. (20)

It is convenient to use the measured mass of the observed SM-like Higgs boson as an input parameter.
The coupling λ1 can be eliminated in favor of this mass by inverting Eq. (20):

λ1 =
1

8v2
φ

[
m2
h +

(
M2

12

)2
M2

22 −m2
h

]
. (21)

Note that in deriving this expression for λ1, the distinction between mh and mH is lost. This means that,
depending on the values of µ2

3 and the other parameters, this (unique) solution for λ1 will correspond to
either the lighter or the heavier custodial singlet having a mass equal to the observed SM-like Higgs mass.

2.3 Yukawa sector

Fermion masses are generated through couplings to the complex doublet φ ≡ (φ+, φ0) in the same was as
in the SM. We neglect neutrino masses. The relevant Lagrangian terms are

L ⊃ −
3∑
i=1

3∑
j=1

[
yuij ūRiφ̃

†QLj + ydij d̄Riφ
†QLj

]
+ y`i

¯̀
Riφ
†LLi + h.c., (22)

where i, j run over the three generations and φ̃ ≡ iσ2φ∗. The custodial singlets and triplet contain an
admixture of φ, and so couple to fermions. The custodial fiveplet states do not couple to fermions.

The Feynman rules for neutral scalars coupling to fermion pairs are given as follows:

hf̄f : −i
mf

v

cosα

cos θH
, Hf̄f : −i

mf

v

sinα

cos θH
,

H0
3 ūu :

mu

v
tan θHγ5, H0

3 d̄d : −md

v
tan θHγ5. (23)

Here f denotes any charged fermion, u stands for any up-type quark, and d stands for any down-type
quark or charged lepton.
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The Feynman rules for the vertices involving a charged scalar and two fermions are given as follows,
with all particles incoming:

H+
3 ūd : −i

√
2Vud tan θH

(mu

v
PL −

md

v
PR

)
,

H+∗
3 d̄u : −i

√
2V ∗ud tan θH

(mu

v
PR −

md

v
PL

)
,

H+
3 ν̄` : i

√
2 tan θH

m`

v
PR,

H+∗
3

¯̀ν : i
√

2 tan θH
m`

v
PL. (24)

Here Vud is the appropriate element of the Cabibbo-Kobayashi-Maskawa matrix and the projection oper-
ators are defined as PR,L = (1± γ5)/2.

3 Theoretical constraints

3.1 Tree-level unitarity

We implement the conditions for unitarity of tree-level 2→ 2 scalar particle scattering amplitudes computed
in Refs. [11, 5]. These were computed by imposing |Re a0| < 1/2 on the eigenvalues of the zeroth partial
wave amplitude coupled-channel matrix, and read√

(6λ1 − 7λ3 − 11λ4)2 + 36λ2
2 + |6λ1 + 7λ3 + 11λ4| < 4π,√

(2λ1 + λ3 − 2λ4)2 + λ2
5 + |2λ1 − λ3 + 2λ4| < 4π,

|2λ3 + λ4| < π,

|λ2 − λ5| < 2π. (25)

3.2 Bounded-from-below requirement on the potential

We implement the conditions that ensure the scalar potential is bounded from below as computed in
Ref. [5]. They read as follows:

λ1 > 0,

λ4 >

{
−1

3λ3 for λ3 ≥ 0,
−λ3 for λ3 < 0,

λ2 >


1
2λ5 − 2

√
λ1

(
1
3λ3 + λ4

)
for λ5 ≥ 0 and λ3 ≥ 0,

ω+(ζ)λ5 − 2
√
λ1(ζλ3 + λ4) for λ5 ≥ 0 and λ3 < 0,

ω−(ζ)λ5 − 2
√
λ1(ζλ3 + λ4) for λ5 < 0,

(26)

where

ω±(ζ) =
1

6
(1−B)±

√
2

3

[
(1−B)

(
1

2
+B

)]1/2

, (27)

with

B ≡

√
3

2

(
ζ − 1

3

)
∈ [0, 1]. (28)

The last two conditions for λ2 in Eq. (26) must be satisfied for all values of ζ ∈
[

1
3 , 1
]
. We implement this

through a 1000-point scan over ζ in the specified range.
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3.3 Absence of deeper custodial symmetry-breaking minima

Finally, we implement a check that the scalar potential possesses no custodial symmetry-breaking min-
ima that are deeper than the desired custodial symmetry-preserving minimum, following the procedure
described in Ref. [5]. We write the scalar potential as

V =
µ2

2

2
a2 +

µ2
3

2
b2 + λ1a

4 + λ2a
2b2 + ζλ3b

4 + λ4b
4 − ωλ5a

2b2 − σM1a
2b− ρM2b

3, (29)

where a2 = Tr(Φ†Φ) and b2 = Tr(X†X) and the dimensionless coefficients ζ, ω, σ, and ρ vary with varying
triplet field configurations. The minimum of V is always traced out by the path [5]

ζ =
1

2
sin4 θ + cos4 θ,

ω =
1

4
sin2 θ +

1√
2

sin θ cos θ,

σ =
1

2
√

2
sin θ +

1

4
cos θ,

ρ = 3 sin2 θ cos θ, (30)

with θ ∈ [0, 2π). Our desired electroweak-breaking and custodial SU(2)-preserving vacuum corresponds
to θ = cos−1(1/

√
3). The vacuum θ = π + cos−1(1/

√
3) is also acceptable; it corresponds to negative

b. The depths of these vacua are determined by applying the minimization conditions and solving the
resulting cubic and quadratic equations to determine the values of a and b that minimize the potential,
then evaluating V at this minimum.

This procedure is then repeated for other values of θ [corresponding to vacua that spontaneously break
custodial SU(2)] using a 1000-point scan over θ ∈ [0, 2π). Parameter points fail this check if any vacuum
solution exists in which V is lower than the value in the desired vacuum.

4 Indirect experimental constraints

Indirect constraints from the S parameter, b → sγ, and B0
s → µ+µ− are implemented in the code. A

detailed physics description is given in Ref. [6]. Currently the constraint from b→ sγ is stronger than that
from B0

s → µ+µ−, but that may change in the next several years as more data is collected at the CERN
Large Hadron Collider.

4.1 S parameter

When the new physics is not light compared to MZ , the S parameter can be written in terms of the
derivatives Π′(0) ≡ dΠ(p2)/dp2|p2=0 of the gauge boson self-energies as

S =
4s2
W c

2
W

αEM

[
Π′ZZ(0)−

c2
W − s2

W

sW cW
Π′Zγ(0)−Π′γγ(0)

]
. (31)

The new physics contribution in the GM model, relative to the SM for a reference Higgs mass mSM
h , is [6]

S =
s2
W c

2
W

e2π

{
− e2

12s2
W c

2
W

(
logm2

3 + 5 logm2
5

)
+ 2|gZhH0

3
|2 f1(mh,m3)

+2|gZHH0
3
|2 f1(mH ,m3) + 2

(
|gZH0

5H
0
3
|2 + 2|gZH+

5 H
+∗
3
|2
)
f1(m5,m3)

+|gZZh|2
[
f1(MZ ,mh)

2M2
Z

− f3(MZ ,mh)

]
+ |gZZH |2

[
f1(MZ ,mH)

2M2
Z

− f3(MZ ,mH)

]
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+|gZZH0
5
|2
[
f1(MZ ,m5)

2M2
Z

− f3(MZ ,m5)

]
+2|gZW+H+∗

5
|2
[
f1(MW ,m5)

2M2
W

− f3(MW ,m5)

]
−|gSM

ZZh|2
[
f1(MZ ,m

SM
h )

2M2
Z

− f3(MZ ,m
SM
h )

]}
, (32)

where

f1(m1,m2) =
5(m6

2 −m6
1) + 27(m4

1m
2
2 −m2

1m
4
2) + 12(m6

1 − 3m4
1m

2
2) logm1 + 12(3m2

1m
4
2 −m6

2) logm2

36(m2
1 −m2

2)3
,

f3(m1,m2) =
m4

1 −m4
2 + 2m2

1m
2
2

(
logm2

2 − logm2
1

)
2(m2

1 −m2
2)3

. (33)

For numerical stability we use an expansion in ε ≡ m2
2

m2
1
− 1 when m2

1 ' m2
2 to within a part in 10−4,

f1(m1,m2) ' 1

6
logm2

1 +
ε

12
, f3(m1,m2) ' 1

6m2
1

− ε

12m2
1

. (34)

The couplings that appear in Eq. (32) are given by [5]

gZhH0
3

= −i
√

2

3

e

sW cW

(
sα
vφ
v

+
√

3cα
vχ
v

)
, gZHH0

3
= i

√
2

3

e

sW cW

(
cα
vφ
v
−
√

3sα
vχ
v

)
,

gZH0
5H

0
3

= −i
√

1

3

e

sW cW

vφ
v
, gZH+

5 H
+∗
3

=
e

2sW cW

vφ
v
,

gZZh =
e2

2s2
W c

2
W

(
cαvφ −

8√
3
sαvχ

)
, gZZH =

e2

2s2
W c

2
W

(
sαvφ +

8√
3
cαvχ

)
,

gZZH0
5

= −
√

8

3

e2

s2
W c

2
W

vχ, gZW+H+∗
5

= −
√

2e2

cW s2
W

vχ, (35)

and the SM coupling gSM
ZZh is given by

gSM
ZZh =

e2v

2s2
W c

2
W

. (36)

We use sα ≡ sinα, cα ≡ cosα, and similarly for the sine and cosine of the weak mixing angle.
For a reference SM Higgs mass of mSM

h = 125 GeV and setting U = 0, the global electroweak fit
yields [12]

Sexp = 0.02± 0.07, Texp = 0.06± 0.06, (37)

with a correlation ρST = +0.92. These values (MHREF, SEXP, DSEXP, TEXP, DTEXP, and RHOST, respectively)
are hard-coded in the subroutine INITINDIR in /src/gmindir.f.

We compute the χ2 according to

χ2 =
1(

1− ρ2
ST

) [(S − Sexp)2

(∆Sexp)2 +
(T − Texp)2

(∆Texp)2 − 2ρST (S − Sexp) (T − Texp)

∆Sexp∆Texp

]
, (38)

where ∆Sexp and ∆Texp are the 1σ experimental uncertainties.
It is well known that the one-loop calculation of the T parameter in the GM model yields a divergent

result due to the explicit breaking of the custodial symmetry by hypercharge gauge interactions [13]. In
a proper treatment T acquires a counterterm, which must be set, e.g., by specifying the energy scale at
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which the custodial symmetry in the scalar potential is exact. Here we take the conservative approach of
marginalizing over T , which amounts to setting

T = Texp + ρST (S − Sexp)
∆Texp

∆Sexp
. (39)

We set the flag SPAROK = 1 if the GM prediction for the S parameter yields χ2 ≤ 4, and SPAROK = 0
otherwise.

4.2 b→ sγ

The current world average experimental measurement of BR(B̄ → Xsγ), for a photon energy Eγ > 1.6 GeV,
is [14]

BR(B̄ → Xsγ)exp = (3.55± 0.24± 0.09)× 10−4. (40)

To evaluate the constraint from this observable, we calculated the GM model predictions for a grid of
(m3, vχ) values by adapting the implementation for the Type-I 2HDM in the code SuperIso v3.3 [15]
(which makes use of the code 2HDMC v1.6.4 [16]). Our choice of input parameters yields a prediction in
the limit vχ → 0 or m3 →∞ of

BR(B̄ → Xsγ)SM limit = (3.11± 0.23)× 10−4, (41)

where the theoretical uncertainty is taken from Ref. [17]. We scale the theoretical uncertainty by the
ratio BR(B̄ → Xsγ)GM/BR(B̄ → Xsγ)SM limit before combining it in quadrature with the experimental
uncertainties.

The two data files /src/bsgtight.data and /src/bsgloose.data contain two sets of points (m3, vχ) corre-
sponding to the contour at which BR(B̄ → Xsγ)GM = 2.88 × 10−4 (“tight” constraint) and 2.48 × 10−4

(“loose” constraint), respectively. These correspond to a 2σ deviation from the experimental central value
(“tight”) and a value 2σ “worse” than the SM prediction (“loose”). For further explanation, see Ref. [6].
Model points are checked for consistency with these constraints by linearly interpolating the upper bound
on vχ to the appropriate mass m3. For m3 < 10 GeV the limit on vχ for m3 = 10 GeV is used, and for
m3 > 1000 GeV the limit on vχ for m3 = 1000 GeV is used. (This latter limiting value falls outside the
parameter range allowed by theoretical constraints, and so is irrelevant in practice.)

We set the flag BSGAMTIGHTOK = 1 if the GM prediction for BR(B̄ → Xsγ) satisfies the “tight” 2σ
constraint, and BSGAMTIGHTOK = 0 otherwise. Similarly, we set the flag BSGAMLOOSEOK = 1 if the GM
prediction for BR(B̄ → Xsγ) satisfies the “loose” 2σ constraint, and BSGAMLOOSEOK = 0 otherwise.

4.3 B0
s → µ+µ−

The time-averaged branching ratio for B0
s → µ+µ−, normalized to its Standard Model value, is given to

an excellent approximation by the ratio of Z-penguin contributions [6, 18]

RBSMM ≡ BR(B0
s → µ+µ−)

BR(B0
s → µ+µ−)SM

'
∣∣∣∣CSM

10 + CGM
10

CSM
10

∣∣∣∣2 , (42)

where [18]

CSM
10 = −0.9380

[
Mt

173.1 GeV

]1.53 [αs(MZ)

0.1184

]−0.09

(43)

and [6, 18]

CGM
10 = CSM

10 + tan2 θH
xtW

8

[
xt3

1− xt3
+
xt3 log xt3
(1− xt3)2

]
, (44)
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with xtW = m2
t (Mt)/M

2
W and xt3 = m2

t (Mt)/m
2
3.2 For numerical stability we use an expansion in δ ≡ xt3−1

when xt3 ' 1 to within a part in 10−4,[
xt3

1− xt3
+
xt3 log xt3
(1− xt3)2

]
' −1

2
− δ

6
(δ ≡ xt3 − 1→ 0). (45)

The corresponding SM prediction and its uncertainty are [18]

BR(B0
s → µ+µ−)SM = (3.67± 0.25)× 10−9

∣∣∣∣∣
[

Mt

173.1 GeV

]1.53 [αs(MZ)

0.1184

]−0.09
∣∣∣∣∣
2

. (46)

We calculate the prediction in the GM model by scaling this prediction and its uncertainty by RBSMM.
The current world average experimental value (from CMS and LHCb) is [19]

BR(B0
s → µ+µ−)expt = (2.9± 0.7)× 10−9. (47)

The experimental central value (BMMEXP) and its uncertainty (DBMMEXP) are hard-coded in the subroutine
INITINDIR in /src/gmindir.f.

Combining the theoretical and experimental uncertainties in quadrature, this measured value is about
1σ below the SM prediction. The GM prediction is always higher than the SM prediction (in worse
agreement with experiment) and depends only on the parameters m3 and tan θH .

We set the flag BSMMOK = 1 if the GM prediction for BR(B0
s → µ+µ−) is within 2σ of the experimental

value, and BSMMOK = 0 otherwise.

5 Decays

Starting from the tree-level masses and couplings, the code calculates the decay widths of the Higgs bosons
into various final states. At tree level the Higgs bosons can decay into pairs of fermions, pairs of massive
gauge bosons, a gauge boson and a lighter Higgs boson, and two lighter Higgs bosons. Decays of the neutral
Higgs bosons into gg, γγ, and Zγ are induced at one loop.

5.1 H → ff̄ ′

The custodial singlet states h and H and the custodial triplet states H0
3 and H±3 can decay to pairs of

fermions. The custodial fiveplet states do not couple to fermions.
The Feynman rule for a scalar coupling to ff̄ ′ is parameterized as i(gS + gPγ5), where gS is the scalar

part and gP is the pseudoscalar part. gS and gP can be simultaneously nonzero only for charged Higgs
couplings to fermions.

The decay width to fermions is given by (the number of colors Nc = 3 for quarks and 1 for leptons)

Γ(H → ff̄ ′) =
NcmH

8π

{[
1− (x1 + x2)2

]
|gS |2 +

[
1− (x1 − x2)2

]
|gP |2

}
λ1/2(x2

1, x
2
2), (48)

where x1 = mf/mH , x2 = mf ′/mH , and the kinematic function λ is given by

λ(x, y) = (1− x− y)2 − 4xy. (49)

For scalar decays to quarks, we incorporate the QCD corrections as follows. First, we incorporate the
leading QCD corrections by replacing mq → mq(MH) in the Yukawa couplings gS and gP , where mq(MH)
is the MS running quark mass evaluated at the scale of the parent Higgs particle’s mass. We compute the
running quark masses using [20]

mq(µ) = mq(Mq)
c[αs(µ)/π]

c[αs(Mq)/π]
, (50)

2The calculation of the MS running top quark mass mt(µ) is described in Sec. 5.1. Mt is the pole mass.
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where

c(x) =

(
25

6
x

)12/25

(1 + 1.014x+ 1.389x2), Mc < µ < Mb

c(x) =

(
23

6
x

)12/23

(1 + 1.175x+ 1.501x2), Mb < µ. (51)

The running strong coupling constant is computed using [20]

α
(Nf )
s (µ) =

12π

(33− 2Nf ) log(µ2/Λ2
Nf

)

[
1− 6

(153− 19Nf )

(33− 2Nf )2

log log(µ2/Λ2
Nf

)

log(µ2/Λ2
Nf

)

]
. (52)

We implement matching at the bottom quark threshold by requiring continuity of αs. Above the top
threshold we continue to use the five-flavor scheme for consistency with HDECAY [25].

Second, for decays of neutral CP-even scalars to bb̄ or cc̄ we incorporate the finite QCD corrections by
multiplying the partial width given above by the factor [20]

[∆QCD + ∆t] , (53)

where

∆QCD = 1 + 5.67
αs(MH)

π
+ (35.94− 1.36Nf )

(
αs(MH)

π

)2

,

∆t =

(
αs(MH)

π

)2 [
1.57− 2

3
log(M2

H/M
2
t ) +

1

9
log2(m2

q(MH)/M2
H)

]
. (54)

The relevant SM inputs to GMCALC are

ALSMZ = αs(MZ), MTPOLE = Mt, MBMB = mb(mb), MCMC = mc(mc). (55)

The values are set in INITIALIZE SM in /src/gminit.f. The b and c quark pole masses, and the running
top quark mass, are obtained using the O(αs) relation [20]

mq(Mq) = Mq/[1 + 4αs/3π]. (56)

5.2 H → V ∗1 V
∗

2

The custodial singlet states h and H, as well as the neutral custodial fiveplet state H0
5 , can decay to

W+W− and ZZ. The charged custodial fiveplet state H+
5 can decay to W+Z. The doubly-charged

custodial fiveplet state H++
5 can decay to W+W+. The custodial triplet states do not couple to pairs of

massive vector bosons.
The Feynman rule for a scalar coupling to massive vector bosons V µ

1 V
ν

2 is parameterized as igHiV1V2g
µν .

We compute the widths for Hi → V1V2, allowing both vector bosons to be off-shell, using [21, 22]

Γ(Hi → V ∗1 V
∗

2 ) =
1

π2

∫ m2
Hi

0
dQ2

1

∫ (mHi−Q1)2

0
dQ2

2

× Q2
1 ΓV1/MV1

(Q2
1 −M2

V1
)2 +M2

V1
Γ2
V1

Q2
2 ΓV2/MV2

(Q2
2 −M2

V2
)2 +M2

V2
Γ2
V2

ΓHiV1V2(Q2
1, Q

2
2) , (57)

where ΓVi is the measured total width of gauge boson Vi, Q
2
i is the square of the four-momentum of Vi, and

ΓHiV1V2(Q2
1, Q

2
2) is the on-shell decay width for Hi → V1V2 with the squared-masses of the gauge bosons

V1 and V2 replaced by Q2
1 and Q2

2. This on-shell width is given by

ΓHiV1V2(Q2
1, Q

2
2) = SV

|gHiV1V2 |2m3
Hi

64πQ2
1Q

2
2

[
1− 2k1 − 2k2 + 10k1k2 + k2

1 + k2
2

]
λ1/2(k1, k2), (58)
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where k1 = Q2
1/m

2
Hi

and k2 = Q2
2/m

2
Hi

. Here SV is a symmetry factor given by SV = 1 if V1 and V2

are distinct bosons (e.g., W+W− or ZW+) and SV = 1/2 if V1 and V2 are identical bosons (e.g., ZZ or
W+W+). The kinematic function λ is defined in Eq. (49).

We evaluate the doubly off-shell decay width using numerical integration. Below threshold (mHi ≤
MV1 + MV2) we integrate Eq. (57) using an implementation of the Vegas algorithm [23] borrowed with
permission from PROSPINO [24]. Above threshold (mHi > MV1 +MV2) we use 16-point Gauss-Legendre
integration after making the change of variables

ρi =
1

π
tan−1

[
Q2
i −M2

Vi

MViΓVi

]
(59)

to flatten the Breit-Wigners. The number of integration points is optimized for efficiency above and below
the Hi → V1V2 threshold, while keeping the numerical precision within 1% of the value computed by
HDECAY 6.42 [25].

We have not taken into account the interference effects in same-flavor decays due to crossed diagrams.

5.3 H1 → V H2

The custodial singlet states h and H can decay to a vector boson plus a custodial triplet scalar. The
custodial triplet states H0

3 and H±3 can decay to a vector boson plus a custodial singlet state, or to a vector
boson plus a custodial fiveplet state. The custodial fiveplet states H0

5 , H±5 , and H±±5 can decay to a vector
boson plus a custodial triplet state.

The Feynman rule for the H1H
∗
2V
∗
µ coupling (all particles and momenta incoming) is parameterized as

igV ∗H1H∗2
(p1 − p2)µ, where p1 (p2) is the incoming momentum of the scalar H1 (H∗2 ).

The on-shell two-body decay width into one vector and one lighter scalar is given by

Γ(H1 → V H2) =
|gV ∗H1H∗2

|2M2
V

16πmH1

λ

(
m2
H1

M2
V

,
m2
H2

M2
V

)
λ1/2

(
M2
V

m2
H1

,
m2
H2

m2
H1

)
. (60)

Here V denotes one of the gauge bosons Z, W+, or W−, such that the decays H0 → W+H− and H0 →
W−H+ are distinct.

We also implement H1 → V ∗H2 decays (with the gauge boson off-shell) when the H1 mass is below
threshold for the on-shell two-body decay. Following Ref. [26],

Γ(H1 → V ∗H2) = δV
3|gV ∗H1H∗2

|2M2
VmH1

16π3v2
GH2V , (61)

where again V denotes one of the gauge bosons Z, W+, or W−, such that the decays H0 → W+H− and
H0 →W−H+ are distinct. δW and δZ are given by3

δW =
3

2
, δZ = 3

(
7

12
− 10

9
s2
W +

40

27
s4
W

)
. (62)

The kinematic function Gij is defined as follows (here we fix a typing error in Ref. [26] as pointed out in
Ref. [27]: the last term is +2λij/kj rather than −2λij/kj):

Gij =
1

4

{
2(−1 + kj − ki)

√
λij

[
π

2
+ arctan

(
kj(1− kj + ki)− λij

(1− ki)
√
λij

)]

+(λij − 2ki) log ki +
1

3
(1− ki)

[
5(1 + ki)− 4kj +

2λij
kj

]}
, (63)

where ki ≡ kH2 = m2
H2
/m2

H1
, kj ≡ kV = M2

V /m
2
H1

, and

λij = −1 + 2ki + 2kj − (ki − kj)2. (64)
3We absorb the factor of c4W that appears in the denominator of δZ in Eq. (36) of Ref. [26] into the coupling. We also

separate out a symmetry factor of 2 from δW for convenience.
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5.4 H1 → H2H3

The custodial singlet states h and H can decay into a pair of custodial triplet states or a pair of custodial
fiveplet states. Furthermore H can decay into hh. The custodial fiveplet states H0

5 , H±5 , and H±±5 can
decay into a pair of custodial triplet states. The custodial triplet states cannot decay into pairs of scalars
due to a combination of custodial SU(2) invariance and Bose symmetry.

The Feynman rule for the H1H
∗
2H
∗
3 coupling (all particles incoming) is parameterized as −ig123.

The decay width for H1 into two lighter scalars H2H3 is

Γ(H1 → H2H3) = SH
|g123|2

16πmH1

λ1/2(X2, X3), (65)

where X2 = m2
H2
/m2

H1
and X3 = m2

H3
/m2

H1
, and SH is a symmetry factor given by SH = 1 if H2 and H3

are distinct bosons and SH = 1/2 if H2 and H3 are identical bosons.

5.5 H → γγ

Neutral scalar decays into two photons proceed through a loop of charged particles. The width is given
by [28]

Γ(H → γγ) =
α2
EMm

3
H

256π3v2
|AγγH |

2, (66)

where αEM is the electromagnetic fine-structure constant, v = (
√

2GF )−1/2 ' 246 GeV is the SM Higgs
vacuum expectation value, and AγγH represents the sum of the loop amplitudes for initial particle H.

For an initial scalar (S = h, H, or H0
5 ), the amplitude receives contributions from fermions, W bosons,

and charged Higgs bosons (H+
3 , H+

5 , and H++
5 ) in the loop, and is given by

AγγS = κSf
∑
f

NcfQ
2
fF1/2(τf ) + κSWF1(τW ) +

∑
s

βSs Q
2
sF0(τs). (67)

For the fermion loops, Ncf and Qf are the number of colors and electric charge in units of e, respectively,
for fermion f , and κSf is the scaling factor for the coupling of S to fermions relative to the corresponding

coupling of the SM Higgs boson, defined in such a way that the Feynman rule for the Sff̄ coupling is

−i(mf/v)κSf . The custodial fiveplet does not couple to fermions, so κ
H0

5
f = 0. In the code we include only

the top quark loop.
For the W loop, κSW is the scaling factor for the coupling of S to W pairs relative to the corresponding

coupling of the SM Higgs boson, defined so that the SW+
µ W

−
ν Feynman rule is iκSW (2M2

W /v)gµν .

For the scalar loops, the sum over s runs over all electrically charged scalars in the GM model (H+
3 ,

H+
5 , and H++

5 ). Qs is the electric charge of scalar s in units of e, and βSs = gSss∗v/2m
2
s. The coupling

gSss∗ is defined in such a way that the corresponding interaction Lagrangian term is L ⊃ −gSss∗Sss∗.
The loop factors are given in terms of the usual functions [28],

F1(τ) = 2 + 3τ + 3τ(2− τ)f(τ),

F1/2(τ) = −2τ [1 + (1− τ)f(τ)],

F0(τ) = τ [1− τf(τ)], (68)

where

f(τ) =


[
sin−1

(√
1
τ

)]2

if τ ≥ 1,

−1
4

[
log
(
η+
η−

)
− iπ

]2
if τ < 1,

(69)

with η± = 1±
√

1− τ . The argument is τi ≡ 4m2
i /m

2
h.
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For an initial pseudoscalar (A = H0
3 ), the amplitude receives contributions only from fermions in the

loop, and is given by

AγγA = κAf
∑
f

NcfQ
2
fF

A
1/2(τf ) (70)

where the Feynman rule for the Aff̄ coupling is defined as −(mf/v)κAf γ5 and the loop function is

FA1/2(τ) = −2τf(τ). (71)

In the code we include only the top quark loop.

5.6 H → gg

Neutral scalar decays to two gluons proceed through a loop of colored particles. In the GM model, the
only colored particles are the SM quarks. Therefore this decay occurs only for h, H, and H0

3 (the custodial
fiveplet does not couple to fermions).

The width is given by [28]

Γ(H → gg) =
α2
sm

3
H

128π3v2
|AggH |

2, (72)

where AggH represents the sum of the loop amplitudes for initial particle H.
For an initial scalar (S = h or H), the amplitude is

AggS = κSf
∑
f

F1/2(τf ). (73)

For an initial pseudoscalar (A = H0
3 ), the amplitude is

AggA = κAf
∑
f

FA1/2(τf ). (74)

We incorporate the QCD corrections as follows. First, we evaluate αs in the leading-order amplitude
at the scale of the parent particle’s mass. Second, for the decays of CP-even neutral scalars, we multiply
the leading order amplitude by the factor [20][

1 + ENfα
(Nf )
s /π

]
, (75)

where

ENf =
95

4
− 7

6
Nf +

33− 2Nf

6
log(µ2/M2

H), (76)

and we use Nf = 5 throughout, consistent with NF-GG = 5 in HDECAY [25].
In the code we include only the top quark loop.

5.7 H → Zγ

Neutral scalar decays to Z plus a photon proceed through a loop of charged particles. The width is given
by [28]

Γ(H → Zγ) =
α2
EMm

3
H

128π3v2
|AZγH |

2

(
1−

M2
Z

m2
H

)3

, (77)

where AZγH represents the sum of the loop amplitudes for initial particle H.
For an initial custodial-singlet scalar (S = h, H; see below for H0

5 ), the amplitude is

AZγS = κSfAf + κSVAW +
v

2
As, (78)
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where the contributions from fermions, W bosons, and scalars are given by [28]

Af =
∑
f

Ncf

−2Qf

(
T 3L
f − 2Qf sin2 θW

)
sin θW cos θW

[I1(τf , λf )− I2(τf , λf )] ,

AW = − cot θW

{
4
(
3− tan2 θW

)
I2 (τW , λW ) +

[(
1 +

2

τW

)
tan2 θW −

(
5 +

2

τW

)]
I1 (τW , λW )

}
,

As =
∑
s

2
gSss∗ CZss∗ Qs

m2
s

I1 (τs, λs) . (79)

Here T 3L
f = ±1/2 is the third component of isospin for the left-handed fermion f . In the code we include

only the top quark loop. The scalar amplitude depends on the coupling CZss∗ ≡ gZss∗/e of the scalar
to the Z boson, defined in such a way that the corresponding coupling of the scalar to the photon is
Cγss∗ ≡ gγss∗/e = Qs. The sum over scalars in As runs over H+

3 , H+
5 , and H++

5 .
The loop factors are given in terms of the functions [28]

I1(a, b) =
ab

2(a− b)
+

a2b2

2(a− b)2
[f(a)− f(b)] +

a2b

(a− b)2
[g(a)− g(b)] ,

I2(a, b) = − ab

2(a− b)
[f(a)− f(b)] , (80)

where the function f(τ) was given in Eq. (69) and

g(τ) =


√
τ − 1 sin−1

(√
1
τ

)
if τ ≥ 1,

1
2

√
1− τ

[
log
(
η+
η−

)
− iπ

]
if τ < 1,

(81)

with η± defined as for f(τ). The arguments of the functions are τi ≡ 4m2
i /m

2
h as before and λi ≡ 4m2

i /M
2
Z .

For an initial pseudoscalar (A = H0
3 ), the amplitude is

AZγA = κAf
∑
f

Ncf

−2Qf

(
T 3L
f − 2Qf sin2 θW

)
sin θW cos θW

[−I2(τf , λf )] . (82)

Again in the code we include only the top quark loop.
For an initial custodial fiveplet scalar (S = H0

5 ), the amplitude is [7]

AZγS = κSWAW +
v

2
As −

2πv

αem
[2AWH5H5 + 2AH5WW ] , (83)

where AW and As were given in Eq. (79). The amplitudes from loops involving a W boson and an H±5
scalar are [7]

AWH5H5 = 2α2
em

√
3

2

vχ

sin3 θW cos θW
[C12 + C22 + 2C1 + 3C2 + 2C0] (M2

Z , 0,m
2
5;M2

W ,m
2
5,m

2
5),

AH5WW = α2
em

√
3

2

vχ

sin3 θW cos θW
[−2C12 − 2C22 + 4C1 + 2C2] (M2

Z , 0,m
2
5;m2

5,M
2
W ,M

2
W ), (84)

where Ci, Cij are LoopTools functions [29].
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5.8 H → Wγ

Singly-charged scalar decays to W plus a photon proceed through a loop. The width is given by [7]

Γ(H+ →W+γ) =
m3
H

32π

[
1−

M2
W

m2
H

]3 (
|AH |2 + |ÃH |2

)
, (85)

where AH and ÃH represent the CP-even and CP-odd parts of the sum of loop amplitudes for initial
particle H.

For an initial custodial-fiveplet scalar H = H+
5 , the CP-odd part ÃH is zero, and the CP-even part of

the amplitude is

AH =
∑
s1s2

As1s2s2 +
∑
Xs

AXss +
∑
sX

AsXX +AZWW . (86)

The scalar loop contribution is given by [7, 28]

As1s2s2 = −αem

π
Qs2CH+

5 s
∗
1s2
CW−s1s∗2

1

4m2
s

I1(τs, λs), (87)

where I1(a, b) was given in Eq. (80), and the sum runs over s1s2 = H0
3H
−
3 , H0

5H
−
5 , H−5 H

−−
5 , and H++

5 H+
5 ,

with masses ms1 = ms2 ≡ ms. The products of couplings that appear are

QH−3
CH+

5 H
0
3H
−
3
CW−H0

3H
+
3

= − 1√
2v sin θW

[
2(λ3 − 2λ5)v2

φvχ − 8λ5v
3
χ + 4M1v

2
χ + 3M2v

2
φ

]
, (88)

QH−5
CH+

5 H
0
5H
−
5
CW−H0

5H
−
5

= − 3√
2 sin θW

(2λ3vχ −M2), (89)

QH−−5
CH+

5 H
+
5 H
−−
5
CW−H−5 H

++
5

= − 6
√

2

sin θW
(2λ3vχ −M2), (90)

QH+
5
CH+

5 H
−−
5 H+

5
CW−H++

5 H−5
= − 3

√
2

sin θW
(2λ3vχ −M2). (91)

The remaining pieces of the amplitude are given by [7]

AXss = 2α2
emQsCX∗H+

5 s
Cs∗XW− [C12 + C22 + 2C1 + 3C2 + 2C0] (M2

W , 0,m
2
5;M2

X ,m
2
5,m

2
5), (92)

AsXX = α2
emQXCXH+

5 s
∗CsX∗W− [−2C12 − 2C22 + 4C1 + 2C2] (M2

W , 0,m
2
5;m2

5,M
2
W ,M

2
W ), (93)

AZWW = −αem

2πv
sin θHMWMZ cot θW

[
(12C12 + 12C22 + 12C2 + 6C0) +

m2
5

M2
W

(C12 + C22 + C2)

+
s2
W

c2
W

(C12 + C22 + 2C1 + 3C2 + 2C0)

]
(M2

W , 0,m
2
5;M2

Z ,M
2
W ,M

2
W ), (94)

where Ci, Cij are LoopTools functions [29]. For the vector-scalar-scalar loop AXss the sum runs over
Xs = ZH−5 , W−H−−5 , and the products of couplings that appear are

QH−5
CZH+

5 H
−
5
CH+

5 ZW
− =

vχ√
2 sin3 θW cos2 θW

(1− 2 sin2 θW ), (95)

QH−−5
CW+H+

5 H
−−
5
CH++

5 W−W− = − 2
√

2vχ

sin3 θW
. (96)

For the scalar-vector-vector loop AsXX the sum runs over sX = H0
5W

−, H++
5 W+, and the products of

couplings that appear are

QW−CW−H+
5 H

0
5
CH0

5W
+W− =

vχ√
2 sin3 θW

, (97)

QW+CW+H+
5 H
−−
5
CH++

5 W−W− =

√
2vχ

sin3 θW
. (98)
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For an initial custodial-triplet scalar H = H+
3 , the CP-odd part of the amplitude comes from loops

involving top and bottom quarks and is given by [7]

ÃH =
αemNc|Vtb|2

2πv sin θW
tan θH

{
Qb
[
−m2

t (C1 + C2 + C0) +m2
b(C1 + C2)

]
(M2

W , 0,m
2
3;m2

t ,m
2
b ,m

2
b)

+ Qt
[
−m2

b(C1 + C2 + C0) +m2
t (C1 + C2)

]
(M2

W , 0,m
2
3;m2

b ,m
2
t ,m

2
t )
}
, (99)

while the CP-even part of the amplitude is given by

AH = Af +
∑
s1s2

As1s2s2 +
∑
Xs

AXss +
∑
sX

AsXX . (100)

The fermion loop contribution is (we again include only the contribution from top and bottom quarks)

Af =
αemNc|Vtb|2

2πv sin θW
tan θH

{
Qb
[
m2
t (2C12 + 2C22 + 3C2 + C1 + C0)

−m2
b(2C12 + 2C22 + C2 − C1)

]
(M2

W , 0,m
2
3;m2

t ,m
2
b ,m

2
b)

+Qt
[
−m2

b(2C12 + 2C22 + 3C2 + C1 + C0)

+m2
t (2C12 + 2C22 + C2 − C1)

]
(M2

W , 0,m
2
3;m2

b ,m
2
t ,m

2
t )
}
. (101)

The remaining pieces of the amplitude are given by [7]

As1s2s2 = −αem

π
Qs2CH+

3 s
∗
1s2
CW−s1s∗2 [C12 + C22 + C2] (M2

W , 0,m
2
3;m2

s1 ,m
2
s2 ,m

2
s3), (102)

AXss = 2α2
emQsCX∗H+

3 s
Cs∗XW− [C12 + C22 + 2C1 + 3C2 + 2C0

+

(
m2

3 −m2
5

M2
X

)
(C12 + C22 + C2)

]
(M2

W , 0,m
2
3;M2

X ,m
2
5,m

2
5), (103)

AsXX = α2
emQXCXH+

3 s
∗CsX∗W− [−2C12 − 2C22 + 4C1 + 2C2

−2

(
m2

3 −m2
s

M2
X

)
(C12 + C22 + C2)

]
(M2

W , 0,m
2
3;m2

s,M
2
X ,M

2
X), (104)

where Ci, Cij are LoopTools functions [29]. For the scalar loop As1s2s2 the sum runs over s1s2 = hH−3 ,
HH−3 , H0

5H
−
3 , H0

3H
−
5 , H++

5 H+
3 , H−3 H

−−
5 , and the products of couplings that appear are

QH−3
CH+

3 hH
−
3
CW−hH+

3
= −

√
2

3

(
√

3cαvχ + sαvφ)

v3 sin θW
×
{
−sα

[
8(λ3 + 3λ4 + λ5)v2

φvχ + 16(6λ2 + λ5)v3
χ + 4M1v

2
χ − 6M2v

2
φ

]
+
√

3cα
[
(4λ2 − λ5)v3

φ + 8(8λ1 + λ5)vφv
2
χ + 4M1vφvχ

]}
(105)

QH−3
CH+

3 HH
−
3
CW−HH+

3
= −

√
2

3

(
√

3sαvχ − cαvφ)

v3 sin θW
×
{
cα
[
8(λ3 + 3λ4 + λ5)v2

φvχ + 16(6λ2 + λ5)v3
χ + 4M1v

2
χ − 6M2v

2
φ

]
+
√

3sα
[
(4λ2 − λ5)v3

φ + 8(8λ1 + λ5)vφv
2
χ + 4M1vφvχ

]}
, (106)

QH−3
CH+

3 H
0
5H
−
3
CW−H0

5H
+
3

=
vφ

3
√

2v3 sin θW

[
2(λ3 − 2λ5)v2

φvχ − 8λ5v
3
χ + 4M1v

2
χ + 3M2v

2
φ

]
, (107)

QH−5
CH+

3 H
0
3H
−
5
CW−H0

3H
+
5

= −
vφ√

2v3 sin θW

[
2(λ3 − 2λ5)v2

φvχ − 8λ5v
3
χ + 4M1v

2
χ + 3M2v

2
φ

]
, (108)

QH+
3
CH+

3 H
−−
5 H+

3
CW−H++

5 H−3
= −

√
2vφ

v3 sin θW

[
2(λ3 − 2λ5)v2

φvχ − 8λ5v
3
χ + 4M1v

2
χ + 3M2v

2
φ

]
, (109)

QH−−5
CH+

3 H
+
3 H
−−
5
CW−H−3 H

++
5

= −
2
√

2vφ
v3 sin θW

[
2(λ3 − 2λ5)v2

φvχ − 8λ5v
3
χ + 4M1v

2
χ + 3M2v

2
φ

]
. (110)
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For the vector-scalar-scalar loop AXss the sum runs over Xs = ZH−5 , W−H−−5 , and the products of
couplings that appear are

QH−5
CZH+

3 H
−
5
CH+

5 ZW
− = −

vφvχ√
2v sin3 θW cos2 θW

, (111)

QH−−5
CW+H+

3 H
−−
5
CH++

5 W−W− = −
2
√

2vφvχ

v sin3 θW
. (112)

For the scalar-vector-vector loop AsXX the sum runs over sX = hW−, HW−, H0
5W

−, H++
5 W+, and the

products of couplings that appear are

QW−CW−H+
3 h
ChW+W− =

1

3
√

2v sin3 θW
(
√

3cαvχ + sαvφ)(−8sαvχ +
√

3cαvφ), (113)

QW−CW−H+
3 H

CHW+W− =
1

3
√

2v sin3 θW
(
√

3sαvχ − cαvφ)(8cαvχ +
√

3sαvφ), (114)

QW−CW−H+
3 H

0
5
CH0

5W
+W− = −

vφvχ

3
√

2v sin3 θW
, (115)

QW+CW+H+
3 H
−−
5
CH++

5 W−W− =

√
2vφvχ

v sin3 θW
. (116)

6 Direct constraints

6.1 Interface to HiggsBounds 5.3.0 and HiggsSignals 2.2.1

GMCALC contains an interface to HiggsBounds and HiggsSignals to implement constraints from direct
searches for Higgs bosons and from measurements of signal strengths of the 125 GeV Higgs, respectively.

We run HiggsBounds in the effective coupling mode, with the various coupling modification factors
calculated by GMCALC, and apply it to the neutral and singly-charged scalars in the GM model except
for the 125 GeV Higgs boson. HiggsSignals is used to constrain the 125 GeV Higgs boson’s couplings.
For consistency with the operation of HiggsBounds, the total decay width of each neutral Higgs boson is
recalculated using the coupling modification factors and SM Higgs branching ratios (determined using Hig-
gsBounds internal functions) before being passed to HiggsBounds, as opposed to using the value computed
by GMCALC. This is required to ensure the total width is consistent with the sum of the partial widths.
We set the rate and mass uncertainties in HiggsBounds to zero.

The calculation of coupling modification factors and other input parameters, as well as the function
calls to run HiggsBounds and HiggsSignals, are implemented in the subroutine CALLHBHS. Initializing
HiggsBounds and printing the results must be done outside of this subroutine. This is demonstrated in
the sample program gmhb5.f.

6.2 Additional search channels

HiggsBounds 5.3.0 does not include constraints from searches for doubly-charged Higgs bosons or from
Drell-Yan production of a neutral Higgs boson decaying to γγ. These processes constitute some of the
strongest direct constraints on the GM model. We implement the following processes directly in GMCALC.

6.2.1 VBF H±±5 →W±W± → like-sign dileptons

The current most sensitive search for vector boson fusion (VBF) production of H±±5 with decays to W±W±

for m5 ≥ 200 GeV is from a CMS analysis of 137 fb−1 of LHC Run 2 (13 TeV) data [30]. The upper bound
on sH as a function of m5 assumes BR(H++

5 → W+W+) = 1. We take into account the possibility that
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BR(H++
5 → W+W+) < 1 when m3 < m5 by using the fact that the signal production cross section is

proportional to s2
H , so that

(slimit
H )2 × BR(H++

5 →W+W+) = (sCMS
H )2, (117)

where sCMS
H is the limit from Ref. [30] for BR(H++

5 →W+W+) = 1. This constraint is accessed by calling
the subroutine CALCH5PP, which sets the flag H5PPOK = 1 (allowed) or 0 (excluded).

For m5 < 200 GeV, VBF production of H±±5 with decays to W±W± is constrained by an ATLAS
measurement of the VBF like-sign W boson production cross section using 20.3 fb−1 of LHC Run 1 (8 TeV)
data [32], which was recast in Ref. [33] to constrain H±±5 production in the GM model.4 The recast puts
an upper bound on vχ (equivalently sH) as a function of m5 assuming BR(H++

5 → W+W+) = 1. We
account for the possibility that BR(H++

5 → W+W+) < 1 in the same way as Eq. (117). This constraint
is accessed by calling the subroutine CALCWWJJ, which sets the flag WWJJOK = 1 (allowed) or 0 (excluded).

6.2.2 Drell-Yan H±±5 with H±±5 →W±W± → like-sign dileptons

For low masses m5 ≤ 100 GeV, Drell-Yan production of H++
5 H−−5 and H±±5 H∓5 with H±±5 → W±W± is

constrained by an ATLAS search for anomalous like-sign dimuon production using 20.3 fb−1 of LHC Run 1
(8 TeV) data [34], which was recast in Ref. [35] to constrain the Higgs Triplet Model assuming degenerate
H++ and H+. The latter was reinterpreted in Ref. [36] in the GM model, assuming BR(H++

5 →W+W+) =
1; in this case, the measurement excludes m5 values below about 76 GeV independent of sH . We take into
account the possibility that BR(H++

5 → W+W+) < 1 by applying the upper limit on the fiducial cross
section from Ref. [34] to the quantity

σfiducial = 0.95×
[
σH++

5 H−−5

(
2 BR(H++

5 → µ+µ+)εH++
5 H−−5

− BR(H++
5 → µ+µ+)2ε2

H++
5 H−−5

)
+σH++

5 H−5
BR(H++

5 → µ+µ+)εH++
5 H−5

+ σH−−5 H+
5

BR(H++
5 → µ+µ+)εH−−5 H+

5

]
, (118)

where BR(H++
5 → µ+µ+) = BR(H++

5 → W+W+) × BR(W+W+ → µ+µ+ + MET). We take the values
of BR(W+W+ → µ+µ+ + MET), the cross sections for the Higgs Triplet Model, and the efficiencies εij
from Ref. [35]. The cross sections σij for the GM model are related to those in the Higgs Triplet Model
(HTM) by [36]

σH++
5 H−−5

= σHTM
H++H−− , σH++

5 H−5
=

1

2
σHTM
H++H− , σH−−5 H+

5
=

1

2
σHTM
H−−H+ . (119)

The values of BR(W+W+ → µ+µ+ + MET) do not follow straightforwardly from the individual W decay
branching ratios because of quantum mechanical interference when H++

5 is lighter than the WW threshold.
The factor of 0.95 conservatively takes into account the ±5% theory uncertainty on the signal cross sections,
computed at next-to-leading order (NLO) in QCD. This constraint is accessed by calling the subroutine
CALCLSDM, which sets the flag LSDMOK = 1 (allowed) or 0 (excluded).

For m5 ≥ 200 GeV, the most sensitive search for Drell-Yan production of H++
5 H−−5 with H±±5 →W±

is from an ATLAS analysis with 139 fb−1 of LHC Run 2 (13 TeV) data [37]. The analysis was performed
in the Higgs Triplet Model, for which the production cross section of H++H−− is the same as in the
GM model. The analysis combined channels with 2 same-sign leptons, 3 leptons, and 4 leptons; the first
requires that at least one of H±±5 decay to W±W±, while the latter two require that both do. We thus
conservatively apply the upper bound from Ref. [37] to the quantitiy

σeff = 0.95× σNLO
H++H−−

[
BR(H++

5 →W+W+)
]2
, (120)

where σNLO
H++H−− is the Drell-Yan production cross section computed to NLO in QCD (provided in the

HEPData files for Ref. [37]), the factor of 0.95 conservatively accounts for the ±5% theoretical uncertainty

4We thank Cheng-Wei Chiang for providing the numerical version of the exclusion contour of Ref. [33].
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on this cross section, and the two factors of BR(H++
5 → W+W+) reflect the fact that we require that

both of the doubly-charged scalars decay to WW . This constraint is accessed by calling the subroutine
CALCDYHPP, which sets the flag DYHPPOK = 1 (allowed) or 0 (excluded).

6.2.3 Drell-Yan H0
5H
±
5 with H0

5 → γγ

Drell-Yan production of H0
5H
±
5 with H0

5 → γγ is constrained by an ATLAS search for diphoton resonances
in the mass range 65–600 GeV using 20.3 fb−1 of LHC Run 1 (8 TeV) data [38] and for masses above
200 GeV using 36.7 fb−1 of LHC Run 2 (13 TeV) data [39]. We recast these searches to constrain Drell-
Yan production of H0

5 (in association with the mass-degenerate H±5 state) with decays to γγ, which
become important when m5 is sufficiently below the WW threshold. We computed the cross sections for
pp → H0

5H
+
5 and pp → H0

5H
−
5 at next-to-leading order in QCD at 8 and 13 TeV and the corresponding

efficiencies εij of the cuts of Ref. [38] using MadGraph5 [10]. The experimental upper limits on the fiducial
cross section from Refs. [38, 39] are then applied to the quantity

σfiducial = 0.95×
[
σH0

5H
+
5
εH0

5H
+
5

+ σH0
5H
−
5
εH0

5H
−
5

]
× BR(H0

5 → γγ), (121)

where the factor of 0.95 conservatively takes into account the combined scale and PDF uncertainty on the
NLO H0

5H
±
5 cross sections where this constraint is relevant.5 These constraints are accessed by calling the

subroutines CALCATLAS8TEVGAGA and CALCATLAS13TEVDYGAGA, which set the flag ATLAS8TEVGAGAOK = 1

(allowed) or 0 (excluded) and similarly for ATLAS13TEVDYGAGA.

7 Using the GMCALC program

The GMCALC code package is available for download as a .tar.gz file from the web page

http://people.physics.carleton.ca/∼logan/gmcalc/

The package includes this manual. Feature requests and bug reports should be sent to Heather Logan at
logan@physics.carleton.ca .

If the decays of H0
5 → Zγ, H±5 → W±γ, and H±3 → W±γ are to be computed, the user must also

install the LoopTools package [29] (tested with LoopTools 2.15 and 2.16), which is available from

http://www.feynarts.de/looptools/

GMCALC can be run without LoopTools, in which case the partial widths of H0
5 → Zγ, H±5 →W±γ, and

H±3 →W±γ are set to zero.
If the constraints from HiggsBounds and/or HiggsSignals are to be applied, the user must also install

the HiggsBounds and HiggsSignals packages [3] (tested with HiggsBounds 5.3.2 and HiggsSignals 2.2.3;
HiggsBounds 5.9.0 and HiggsSignals 2.6.0 are NOT yet supported), which are available from

https://higgsbounds.hepforge.org/

Using GMCALC with HiggsBounds/HiggsSignals requires compilation with gfortran version 5 or later.
The makefile for GMCALC specifies the path to the LoopTools installation, e.g.,

LT = $(HOME)/Documents/work/looptools/LoopTools/x86 64-Darwin

and the paths to the HiggsBounds 5 and HiggsSignals 2 installations, e.g.,

HB5 = $(HOME)/Documents/work/HiggsBounds-5.3.0beta

These should be updated to reflect the user’s system.

5We computed the NLO scale and PDF uncertainties using MadGraph5 and found them, combined in quadrature, to be
less than ±5% for m5 below 200 GeV at

√
s = 8 TeV and for m5 below 300 GeV at

√
s = 13 TeV.
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7.1 Sample main programs provided with the code

Three sample main programs are provided with the code. These can be used as-is, or as templates for the
user to write their own programs. The command

$ make sample

compiles the program sample.f into an executable sample.x using gfortran. The executable is run using

$ ./sample.x

The sample programs are as follows:

• gmpoint.f performs the full set of available calculations for a single parameter point and outputs
the spectrum, couplings, and decay tables to the terminal.

• gmscan.f performs a scan over the allowed parameter ranges using the approach described in Sec. 7.6.
For each scan point allowed by theoretical and indirect experimental constraints, it writes a selection
of observables to a file scan output.data.

• gmmg5.f generates the files param card-LO.dat and param card-NLO.dat for use with the leading-
order (LO) and next-to-leading order (NLO) Universal FeynRules Object (UFO) model files, re-
spectively. The NLO UFO model file can be used with the MadGraph5 aMC@NLO framework to
automatically generate Monte Carlo samples at NLO accuracy in QCD. It also generates the file
param card-EFTLO.dat for use with the LO UFO model file including effective vertices for the loop-
induced couplings hgg, hγγ, hZγ, Hgg, Hγγ, HZγ, H0

3gg, H0
3γγ, H0

3Zγ, H±3 W
∓γ, H0

5γγ, H0
5Zγ,

and H±5 W
∓γ. The corresponding FeynRules model files are available at http://feynrules.irmp.

ucl.ac.be/wiki/GeorgiMachacekModel.

• gmhb5.f tests a single parameter point against the direct constraints from HiggsBounds 5 and Hig-
gsSignals 2. It employs the subroutine CALLHBHS which is described in Sec. 6. The program outputs
the results from HiggsBounds and HiggsSignals detailing the constraints on the the parameter point.

To run gmpoint.f, gmscan.f, gmmg5.f, or gmhb5.f without installing LoopTools, use make gmpoint-nolt,
make gmscan-nolt, make gmmg5-nolt, or make gmhb5-nolt, respectively. The executables will be gmpoint-nolt.x,
gmscan-nolt.x, gmmg5-nolt.x, or gmhb5-nolt.x respectively, and in them the partial widths and/or ef-
fective couplings of H0

5 → Zγ, H±5 →W±γ, and H±3 →W±γ will be set to zero.

7.2 Setting the model parameters

There are currently six choices of input parameters implemented in GMCALC:

• INPUTSET = 1 uses the primary inputs µ2
3, λ1, λ2, λ3, λ4, λ5, M1, and M2. The parameter µ2

2 is set
using the constraint on v2

φ + 8v2
χ in terms of GF .

• INPUTSET = 2 uses the primary inputs µ2
3, mh, λ2, λ3, λ4, λ5, M1, and M2. The parameter µ2

2 is
again set using the constraint on v2

φ + 8v2
χ in terms of GF .

• INPUTSET = 3 uses the primary inputs mh, mH , m3, m5, sin θH , sinα, M1, and M2. GF is also used
to set µ2

2.

• INPUTSET = 4 uses the primary inputs mh, m5, sin θH , λ2, λ3, λ4, M1, and M2. GF is also used to
set µ2

2.

• INPUTSET = 5 uses the primary inputs mh, mH , sin θH , sinα, λ2, λ3, λ4, and λ5. GF is also used to
set µ2

2.
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• INPUTSET = 6 uses the primary inputs mh, m5, sin θH , λ2, λ3, λ4, λ5, and M2. GF is also used to
set µ2

2.

These inputs can be hand-coded in the sample programs (indicated by INPUTMODE = 0). Alternatively, the
program can be run in interactive mode (INPUTMODE = 1) in which case the user will be prompted to enter
the inputs at the terminal. In either case, the subroutine LOAD INPUTS processes the inputs and computes
the remaining potential parameters. LOAD INPUTS sets a flag INPUTOK = 1 if the specified inputs yield an
acceptable scalar potential.

7.3 Checking consistency and computing the spectrum

Before computing the physical spectrum, the scalar potential should be checked for consistency with
theoretical constraints. This is accomplished by the subroutine THYCHECK, which returns three flags: UNIOK
= 1 indicates that the perturbative unitarity constraints on λ1−5 are satisfied; BFBOK = 1 indicates that
the scalar potential is bounded from below; and MINOK = 1 indicates that the desired electroweak-breaking
vacuum is the global minimum of the potential.

The physical masses, vevs, and custodial-singlet mixing angle α can then be computed by the subroutine
CALCPHYS. Results are passed via the common block

COMMON/PHYSPARAMS/MHL,MHH,MH3,MH5,ALPHA,VPHI,VCHI.

They can be accessed directly by adding this common block declaration in one of the sample programs;
alternatively, they can be output to the terminal by the subroutine PRINT RESULTS (see Sec. 7.5).

With the physical spectrum computed, the indirect constraints can be checked by calling the subroutine
CALCINDIR. This returns a series of flags which, if set to 1, indicate that the model point satisfies the
corresponding indirect constraint. The flags are: BSMMOK (B0

s → µ+µ−), SPAROK (oblique S parameter),
BSGAMLOOSEOK (“loose” constraint on b → sγ), and BSGAMTIGHTOK (“tight” constraint on b → sγ). These
can be accessed directly by including the common block

COMMON/INDIR/RBSMM,SPARAM,BSMMOK,SPAROK,BSGAMLOOSEOK,BSGAMTIGHTOK.

They are also output to the terminal by the subroutine PRINT RESULTS (see Sec. 7.5). The double precision
variables RBSMM and SPARAM in this common block contain the ratio of BR(B0

s → µ+µ−) to its SM value
and the value of the S parameter for this model point, respectively.

7.4 Computing couplings and decays

Once CALCPHYS has been called, we are ready to compute Higgs couplings and/or decay branching ratios.
There are three subroutines that can be called independently of each other:

• HLCOUPS computes the kappa factors κhi (i.e., the couplings normalized to their SM values) of h.
These are output to the terminal in a tidy form by PRINT HCOUPS, but can also be accessed through
the common block

COMMON/KAPPASL/KVL,KFL,KGAML,KZGAML,DKGAML,DKZGAML.

• HHCOUPS does the same but for H. These are output to the terminal by PRINT HCOUPS, but can also
be accessed through the common block

COMMON/KAPPASH/KVH,KFH,KGAMH,KZGAMH,DKGAMH,DKZGAMH.

• CALCDECAYS performs the full set of partial width calculations (see Sec. 5) for all the scalar particles
in the model, as well as for the top quark, which can decay to H+

3 b if kinematically allowed. The
resulting branching ratios and total widths are output to the terminal in a tidy form by PRINT DECAYS,
but can also be accessed through the series of common blocks for each particle as follows:
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h: COMMON/HLBRS/HLBRB, HLBRTA, HLBRMU, HLBRS, HLBRC, HLBRT, HLBRG, HLBRGA, HLBRZGA,

HLBRW, HLBRZ, HLBRWH3P, HLBRZH3N, HLBRH3N, HLBRH3P, HLBRH5N, HLBRH5P, HLBRH5PP,

HLWDTH

H: COMMON/HHBRS/HHBRB, HHBRTA, HHBRMU, HHBRS, HHBRC, HHBRT, HHBRG, HHBRGA,

HHBRZGA, HHBRW, HHBRZ, HHBRWH3P, HHBRZH3N, HHBRHL, HHBRH3N, HHBRH3P, HHBRH5N,

HHBRH5P, HHBRH5PP, HHWDTH

H0
3 : COMMON/H3NBRS/H3NBRB, H3NBRTA, H3NBRMU, H3NBRS, H3NBRC, H3NBRT, H3NBRZHL,

H3NBRZHH, H3NBRZH5N, H3NBRWH5P, H3NBRG, H3NBRGA, H3NBRZGA, H3NWDTH

H+
3 : COMMON/H3PBRS/H3PBRBC, H3PBRTA, H3PBRMU, H3PBRSU, H3PBRCS, H3PBRTB, H3PBRBU,

H3PBRWHL, H3PBRWHH, H3PBRZH5P, H3PBRWH5N, H3PBRWH5PP, H3PBRWGA, H3PWDTH

H0
5 : COMMON/H5NBRS/H5NBRGA, H5NBRZGA, H5NBRW, H5NBRZ, H5NBRZH3N, H5NBRWH3P, H5NBRH3N,

H5NBRH3P, H5NWDTH

H+
5 : COMMON/H5PBRS/H5PBRWZ, H5PBRZH3P, H5PBRWH3N, H5PBRH3PN, H5PBRWGA, H5PWDTH

H++
5 : COMMON/H5PPBRS/H5PPBRWW, H5PPBRWH3, H5PPBRH3P, H5PPWDTH

t: COMMON/TOPBRS/TOPBRW, TOPBRH3P, TOPWDTH

7.5 Outputs

There are three subroutines dedicated to printing results to the terminal:

• PRINT RESULTS prints the Lagrangian parameters, the flags indicating theoretical consistency and
consistency with indirect experimental constraints, and the physical masses, vevs, and custodial-
singlet mixing angle. These must have been previously computed by calls to LOAD INPUTS, THYCHECK,
CALCPHYS and CALCINDIR (in that order).

• PRINT HCOUPS prints the kappa factors for h and H. These must have been previously computed by
calls to the subroutines HLCOUPS and HHCOUPS.

• PRINT DECAYS prints out the decay branching ratios and total widths of all the scalars in the model,
as well as those of the top quark. These must have been previously computed by a call to the
subroutine CALCDECAYS.

7.6 Parameter scans

To perform scans over the model parameters in an efficient way, the following strategy can be adopted.
Setting mh equal to the observed Higgs boson mass ∼ 125 GeV and setting µ2

2 using GF , the seven free
parameters are (INPUTSET = 2)

µ2
3, λ2, λ3, λ4, λ5,M1, and M2. (122)

The parameters λ3 and λ4 are mainly constrained by the unitarity and bounded-from-below conditions.
The allowed range of λ3 is

−1

2
π < λ3 <

3

5
π. (123)

The allowed range of λ4 is then

For λ3 < 0 : −λ3 < λ4 <

(
− 7

11
λ3 +

2

11
π

)
,

For λ3 ≥ 0 : −1

3
λ3 < λ4 <

(
− 7

11
λ3 +

2

11
π

)
. (124)

The parameter λ2 is constrained by the first of the unitarity constraints in Eq. (25). Since we don’t
know λ1 until the rest of the parameters are set, we allow it to vary to obtain the least stringent constraint
(which occurs when λ1 = 0),

|λ2| <
1

3

√
4π2 − 2π(7λ3 + 11λ4). (125)
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Note that 0 < (7λ3 + 11λ4) < 2π. Implementing a lower bound on the scan range for λ2 from the
bounded-from-below constraint does not dramatically improve the code’s efficiency.

The last of the unitarity constraints in Eq. (25) then constrains

(−2π + λ2) < λ5 < (2π + λ2). (126)

The dimensionful parameters µ2
3, M1, and M2 are constrained by the requirement that there be an

acceptable electroweak symmetry breaking vacuum. We find that the following ranges capture all allowed
parameter points:

µ2
3 > −(200 GeV)2,

M1 < max

(
3500 GeV, 3.5

√
|µ2

3|
)
,

|M2| < max

(
250 GeV, 1.3

√
|µ2

3|
)
. (127)

Note that M1 can be chosen positive with no loss of generality, so that 0 ≤ M1. M2 takes either sign.
There is no upper bound on µ2

3; the limit µ2
3 � v2 is the decoupling limit, in which the masses-squared of

the predominantly-triplet states approach µ2
3.

7.7 Standard Model inputs

The Standard Model input parameters are initialized by the subroutine INITIALIZE SM, which must be
called before anything else. The parameter values are hard-coded in /src/gminit.f.

The primary electroweak inputs are [40]

GF = 1.1663787× 10−5 GeV−2, MZ = 91.1876 GeV, MW = 80.385 GeV. (128)

The SM Higgs vev is computed as v = (
√

2GF )−1/2.
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