Formula sheet for final exam These pages will be provided with the exam.

Schrodinger equation:

0

iha\ll(ﬁ t) = HY(T,t)
Energy eigenstates: H =p?/2m + V(T
HY(F) = E(7), W, 1) = (i) e
Differential operators corresponding to momentum and energy:
5 — —ihV E—ind
b ot
Harmonic oscillator in 1 dimension:
o1
H = 2—+§mw2x2, H|n) = E,|n), E, =hw(n+1/2)
m

Raising and lowering operators:

aln) = Valn—1),  afln) = VaF In+ 1),

h mwh
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Harmonic oscillator in 3 dimensions (isotropic), H = p?/2m + mw?*?/2 = H, + H, + H,:

spatial wavefunctions are just the products of the solutions of the 1-dim harmonic oscillator.

H|n1n2n3> - Enlngng |n1n2n3>a En1n2n3 - hw(nl + no + ns + 3/2)7
the wavefunctions can also be written in terms of the spherical harmonics,
(FIntm) = Ry,o(r)Yem (6, ), En tm = hw(2n, + 0+ 3/2).

Particle in a box (infinite square well), 1 dimensional:

2 h? 2
%(I)Z\/;Sinnzx, 0<z<IL, EHZWWLQHQ

Particle in a box, 3 dimensional, L x L x L, one corner at the origin:

W(x,y,2) = (i)gﬂ sin nlgx sin nggry sin n;zrz7 E = 271:;22 (n? +n2 +n?)
Angular momentum:
L6, m) = R*((C+ 1)|¢,m), Lle,m) = hm|l,m), Mo = ¢
Ly =L,+iL,  [L* Ly =0,  Lylt,m)=C(,m)[l,m 1)

Ci(lom) =T/(t —m)(E+m+1),  C_(6;m) =h/({ +m)( —m+1)
E:Fxﬁ so, e.g., L, = xpy — ypa.
Addition of angular momentum: when J=L+5S ,

j:f+87...,|€—8|, J,.=L,+ 5., Jy =Ly + 5S¢



Spherical harmonics, up to ¢ = 2:

Yoo = ——= You (=) = (=1) Ve (7)
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Yoo = a5, S fe Yo = \/;sm@cos e Yoo = 1671'(3 cos” 0 — 1)
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Yo 1= - sin @ cos fe ¢ Yo o=/ 39, sin® fe~ > (16)

Pauli principle: under the exchange of any two identical particles, multi-particle wavefunctions
are symmetric for bosons (integer spin), antisymmetric for fermions (half-odd-integer spin).
Time-independent perturbation theory:

H=Ho+ My, Hilo) = EOl6,  HJb) = BuJon) (17)
E,=E9+EV 4+ E® 4 ... (18)
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AH{ o,
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Degenerate perturbation theory: ﬁrst find the combinations of states that diagonalize the
matrix (¢;|AH;|¢;) made up of states degenerate at zeroth order. The eigenvalues of this matrix
are BV

Time-dependent perturbation theory:

ol = Ol i) = (Ho + AVO)Ip(0) 21)

= Y e (t)e g, (22)

For ¢;(0) =1 and all other ¢,(0) = 0, to first order in A the coefficients are

lt) = g [ = (V)] (23)

where wp, = (B0 — E,io))/h. The transition probability is Py, (t) = |cm(t)]?.

Variational principle: for any wavefunction |V), (V|H|V) > E, = ground state energy of H.
Some math:

Taylor series about x = 0:

— 1 d'f
o nl dan

fx) = " (24)

=0

Eigenvalues of a matrix M ([ is the unit matrix; solve for \):

det(M —X-1)=0 (25)



Electron interacting with EM fields:

H =

2me

where B =V x A and E = —ﬁqﬁ.
Gauge transformation (¢ = electron wavefunction):

A(F ) = A7 t) = Vg(Ft),  ¢(F 1) = o7 t) + 9g(r.t)

Transition rate for radiative decays:

2
Lacom = 1@l VI60) Pp(B),

where p(FE) is the density of (final) states (the last expression uses p = F/c¢ for photons),

%4 dp Vo hAw?
E) = S o P el
PE) = Gani? dE 2rh)? &
Matrix element (¢,,|V|¢,) involves
e - e h o
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Me p Me 260wV€ ‘ b

Electric dipole approximation: e~ 1,
Photon is transverse: €™ -k = 0.

Handy trick for evaluating matrix elements of p: use
dr
dt

—

D=Me— = me%l[Ho,F].

Scattering theory
Elastic scattering cross section do = |f(0)|?dQ) (k = wavenumber of beam):

F6) =S (20 + 1)ng<cose> _ ;i(% +1)e ) sin 6, (k) Py(cos ),
=0 t =0

where Sy(k) = ¥ (*) is the phase shift. Total cross section is

I & )
Otor = 13 > (204 1) sin® §y(k).
(=0
Inelastic scattering: Sy(k) = e?9¢®) — p,(k)e?0e®) 0 < (k) < 1.
Elastic, inelastic, and total cross sections:
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Otot = Ocl + Oinel = ﬁ 2(2‘6 + 1)
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Born approximation: scattering rate:
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where A = (P — pi)/h and

My = (IV(Ns) = [ @ V(e = o dhr SV = SEE). (3

Cross section: divide scattering rate by incoming flux = |vya|/V (With |vwel| = pi/my):
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do=——F——
47T2h4 |Urel|

prmy|V (A)|2d (39)

Identical particles:
do 9
- — 4
o= 11(6) % f(x—6) (10)

with the 4 sign chosen according to whether the spatial part of the wavefunction should be sym-
metric or antisymmetric under interchange of the two particles.
Unpolarized cross section: average over initial spins, sum over final spins.



40. Clebsch-Gordan coefficients 1
40. CLEBSCH-GORDAN COEFFICIENTS, SPHERICAL HARMONICS,
AND d FUNCTIONS
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Figure 40.1: The sign convention is that of Wigner (Group Theory, Academic Press, New York, 1959), also used by Condon and Shortley (The
Theory of Atomic Spectra, Cambridge Univ. Press, New York, 1953), Rose (Elementary Theory of Angular Momentum, Wiley, New York, 1957),
and Cohen (Tables of the Clebsch-Gordan Coefficients, North American Rockwell Science Center, Thousand Oaks, Calif., 1974).



