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angles wri - n [6 ¢)= Pl ¥ - Eaq ¥F
Ohj Paagj"/o bec mesS )ﬁ’ Sﬂ z—

Pwnédﬁ/%‘é ) g —L

lal(e_ m* non nea,a,'l'sve. S$® ‘{’kul— ‘l"L.e_,ParaoO((c 'FOFW\ OP %
Seln Q s dusem. Then assame %:rx(jle vdua@ Z’WCP“-" @-{4
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Th:'s /60\ vesS
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e M 7Lo/oo/j(l Csolsmg/er fgc e o a C,Aa,l'?‘,

d (- map} G LG e
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a’x

i 1 3
s called He L%je/na(re_ ejwa,/wm - f—jwd'm

Soludrons Legerd
j r pofynom:afs and associeted A/Ja{y

Flus L fns of
Ind Kind



General Proper‘h'eﬁ ot linear second ordec~
O0DEs ond  Fheir Series SoluTlong

We -a%c(d Yhe jm«;\ﬂ class of a't_ua.HM aici Theaw
beloww inw Yedawdard Lorn.

73”(;:) = p(x)*ra’(f\ ﬂ%(:{)ﬁ(r) = rile)

!

- s o }ﬂi.‘-'mﬂ$en€m
L

Cohs.‘aler ho mo eneons tTmcfi’av\. Tricoduce ~H.L
‘:dec_. ap S{nﬁldr‘ 'Pa?n'{‘s nﬂ T"Le cz.vxa-.f\‘-ﬁ‘u

/&Y Po]n{' X = Y, 'S c:m“-:cl an orclr.'harj or re:a p\_jm_,
ﬂ]n+ ﬂ?t the -&B_ i'F P(?x’b) cAML 1_[133 are_
p;nl'}{. ( namg,lad y hn+ 'rh'F-: h;+¢\.

T§ ether 'P()r) o [Ji) c}l‘rerse's a."‘ = Yo, 'H-eh
o 15 Ca.”eo( a 'E.Ehsj-ﬁr Puip}f.

We Farther <cabdivide He  notion of %:ngmlar Pain’[‘

Farnter 2 haaliE it either ply) o 4fy) ma
di\ze r a J X= XaP but (- H;.\)PP (y) amtldjh(ii— XJ?"%
rerhm‘a: -Pfhi'lw-_.. al y= ¥ )
~—> hame/ Simple ole in plx X
4 dﬁtia]& P}Dn’e s Ptz_[x\

ly )
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Lrre u,/ar" Se n u/df ole: e.;‘Mte.r- (r—xﬂ) v) or
(x-xu)?*j,[w’ L'? c/rrefjas &t S /D(

NL mns*{y wor‘Z w;% -E,fhnfnrns Snc/ ?Lu
_P(}‘) ahd 3_(& Aare aha./yf?f— ﬂmcﬁﬂn‘s Ih Seme

f‘tJrﬁh X exc.epf Aar' rSﬁ/anu{ Pa/es
A 1('” (S aha[j'ﬁc_ aF & Pum'lL Y if g Ceuh
be expanded in o ﬂy/ﬂr' Seéries
m):n D j,?f 00 f G- x)”
¥=y,

‘f"hd‘ cahvcrju in e :J-}Jvnr}lamf 6F X,

/Z‘\-}L 5}1 (A_A/J &[5«& ;DL a,é/g ‘)LO Cdﬂ"if.aftr‘ ﬂ.&

bg,}\av(nur aZL X = =0, 7o o ‘50; mele o
/[M;L of variable 5: x !

T,’]Eh ‘ML z,nera.f &T éacome's_‘_ ﬁ'_)[?zlf"
O /JLYL%/Q q,,/je,érﬂ

(,-!_‘113, + (cl?—- P) —_13, / 43,
b A TY)

3

HEF& Eftrgﬂ\fn is considered as a-pmhc.ffan c#ét—}%

%(“/3] p gl E_([/g)
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So -t—wt ,“_SEE ‘Hm«-"’ ¥ =e® (S ah ordfha\rj
oLn \ | = h" ) n 9 = © o
P P oL LP a d ‘ﬁ_ _1_:' or [‘:a 'P‘\
3 §
'cfhfjrt- :L‘!' 3:0. T he Pufn+ K =2 IS a
ceqular sinju,fn- pt if P er '?7} diverges buf
%rﬁ and aoli are ‘er'h.;'l‘-e_. m‘l" 'a'-‘—O.
_-E-F o or 1 ol‘u'nl" -3 ﬁ:,' =0 '("kw X =0
3P r =0 3 @
n}mr 5:‘;\8 wAar Pa:df .

(s an |lf"l"cJ

Cheec? suf Yhe scinqularit ,S]Lrhc,?tufﬂ.. P P Caup/p_
o Mo eprs we hive Shcoun tered.

@Uﬁfnj cylindriced  coards, we feund the radiel
a’epemdznu., desc.r{éed 537 BE.SSJ-!I tjﬂ:

“[_iz‘ e A d ¢ o= !'HL -0
dy* X E!—z / }?
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f
P[y)'-"-
r‘l...
Both p and 4 JiverJe, ot x=o  but xplx) =1
ond XL?-(&*) = y*—mt are finde at v=o.
T hus X=o (s a rt.\jm'n.r' ‘:‘»Fh'jw{ﬂi’ Pﬂ;ﬂ'f'pbr*

-BES sel 'S -e?, ;
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g =t s () ey
B - (ah—b) = 2

=

%‘: (- *“LBL) The -5;, Fn)& ML}':D f“?
2 A
t%aws ot He Pofn:f X =00
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68) 7. 5PAen'c-J? caarde'nm'/rg we had He
assoes ated lLes endre ejmqﬁ'l‘h for e
Y= cosé a’e.Pe..r denee:

. R _
dixk(f r)%') f~(z{ “»’jxq); o

In <standard ﬂo{m)
" / &
H - olX +[_,l___ - m ] =0
( 1— r‘)y e Sl ?

P(ﬂ'—‘- — o X dr'vcr es af ¥x=* awnd yx= -/
(-x)(1#x)  bat (¥ ply) js Finite at x=#1
and ( x #1) P(,r) e | /';‘H.l"ilt AJ{‘ Xz~

Sr'm:'/a;r{y} ?(r} = !_%_L -('F';]L /s 714 u‘ eh
- X -

mu.f'l‘fpfr'u( éy {r~ l'.)l'.

T hus ¥ =+ and y=~1 are r‘rdu.far s;‘nju/df‘ par'r‘ﬁ(f

br He associated Lymf{u g n.
Same r‘:;aJH' )[)of m=0 casSe l-?)nnfr:. cp.
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Badz’ de ownr -&?. M’Hu W

LEL Y “(v) + p(x)'a"(w fﬁﬁ_(xlda(k) =0
GPe.r‘a'ALhr‘

Haw mahj ihAe,Pahdeu'( ‘S;Q(LL'!"IUHE JDES 'H‘\fg -e?_ }IRFE?

qﬂ are  solns (TL‘“E“ ‘*"J T“}J'H:_
s alse ol So}h) DE.‘FII"L the Wrons Kian
these Tws soms  as:

A‘SSL&ML -Ld

Wigy) = 90y ”M

T4 W/ Ud.hl'&)’\t.g

_I
=z
n
32
-0
P
P
W
In._
o
=
-
aS
"
-
v
)
ot
PR ek
P

T hus B =& _= constant

(ﬂ\‘)rerrw:}:ﬁij.} 1‘-'\4*’-3&1}\"’2& * T-T.JJJ Jﬂa'ﬁt: ﬁﬂaﬂa'_-ff..)

So  for W=o (‘_1(] —> He two sshws are net
) )

'fhEar’.\\j (n de,Pemo(eJ For /""“*ri'j "!Pf ’c"sx ve hawe

nnz ero Gaavcfemq.m-’fs 5-€ /43 ?"3?220. 7_;1“-5 The

Wronskar will vamish if and d‘hz\/y 4 7%'1?; "’“”{?L
are  lintady ol :
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74 WHo Fhen , and 2y, are /inear/

n c/epenq’mf- 7 7 4

ik -fn_c’?" J;ﬁah one Sus/n 7, W can be used
+o c,ons‘ffut/* ~ sSecond In Maf/o)ﬂ so/n ‘fd-r,_

SUPP“S“"— we  Eniw one S o/n ;{,, IDJC.HFQ. P‘/ =g
W here neitler IH" (l’ﬂ) nor y,”(}.’.) vanrsﬁ nor are
Fhey bg/m.f.

Charace terize Jhe value of Hao

unknamn }Ch
at Xo in tferms of +he

values of %, Ma/y L,
H,L(l:’b) = “"H,(Ia)

%LI-; CI&) ={g %;KCKD) D{[ﬁ Cd'i"lﬁ{‘d-ﬁsj{‘l‘
Then He value o'f' W at

yt//y 13?__ ‘3 (i’a)g (x,)

Ys s

_,_Kl’aj ,I/Xa)-" (8- o) J(ffi:) ;?X’,J'
Pl 000 = (-0 g g 1

=Wy,
/Vaw consider W at pfs a.«wd:y fram Y . F)

W) = 493" 9. CPupd)

Y Py ¥4 =PV

f_i___[’g:—dx
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Inffjr«.!‘f&g )
W = - [ plt)dE
o /fb ZP ¢

X
] = 2 /_ LE)dt ) (hever 0,
W (x W(x,) exp :[P d ey i i

To  formally consteact a4 (¢} q/vem ,le) use He
detn  of jﬁ% Nransk’fz-u ; j 7

Lq/(r):y! ?*’-S‘A.H!f: %’-6%/%)

Wly) de - a/yr_/%)

(x)
X [
b Wit _
/ 73"1({’) y M This is aréf?zr.nrg
y’(g) since c)mhjw'y X
Y J'“S?t shidts Fhe value
’Ha,(“: ’z!; {x) [/,/{-{_;J dt ot ?‘L(MJ !93 o constant

mul pre of Y, éu)) il
/'S ﬁ:‘nr«: éy /inea ~
Smfe,r})aﬂch‘a) of “solns.

X

Do y, and ¥, provide e lull sef of solutims?
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Assumc. a ‘/‘}lf}'d' 'Sa/h ﬁ(r)_ Paramefn'ze ;'?é.f FL/&L
at Y=Y in terms > ‘?, and ?L,

43(0) = AY(0) + By, (s) = a 0

53”(;},): Ay'n) 18y (n) = b @

Solve for coeffrcients A and B in terms of a,b.

A= ay, (6)-by, (r) B=0by(n)-ay/(x)
W (Y, 8y Wiy, 3D,

S,’n:‘.ae, E{& is assamed 'TLD bz e:l,bd/n avf ME. c/;'/{ﬂj_n_:
%{;M): _/D(rn)%"/ra) - j,(k’g)?sfj’a)

= ,421!”(;5)1- B'j;(an using the resutts above
and The Yoot Yha! Y, and Ba Sq_ﬂ['fij e doe.

Tﬂ,kf't.j success;ve derivates 5 e Waj resailtrs:
n) (n) A
3; () = Ay " (n) +B %“(n)
B&LTL we cah {,(PF.*.'ES m 7[&5 as ny/w“ E‘-JKPA!!'S:{H;

a.]:)ﬂaf Y : "
gy lx) = 2 ;ﬁ (r-1.) [/1[%[”)(%) r 8 3{:'“){1’#)]

N=zZp

which Is Ju.ﬂl He sum of He my/br €@ p. of g,uea’?‘_

_ . 753 not  linear! ;‘ndp;‘_
,/4?,(&3) B%L/!) 0}4/ 2 30/% MR
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Refore syrfemm‘é cally considering He seriessol
meWhod , foo¥ m(\]@}\ﬁmﬂj
L%:r(k):g”r;}?@??
-Td[’ of rlv) as éuuv a 'sonrce Ferm”

/;:r He £i'ldd y@c). eq. Pa;‘ssan’s egn n em
7

= Y
po Fentiod - f"\ cju:u- -

a/%s,irj
The  correspsndiig homns ef has Jwo Se/ns
f_y, = oL 7?!2_ =0
We cam (ﬁormd@) Lond  seln +o ;‘n/mmaef_ Wi ther

Write our Sa}hqa as a Pradua{ ’?=u'ﬂ':

Ly Lluv) = (uv)" 4 p{uzr)’f-z.

= 'U*(Lu) + U v+ (up rAuW)r’ = R
choose U = ’a(, . T hen J u-s;';U Lfg;’, =O)
Ly = gvrs lyprayhv'=r

v*"’+(p+o213f’)v-’: ¥ y
Y, d

L N s

Let's
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'ﬁjf; W anel VJ'=—PW
) 9 s
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In%gyraﬁv (dammy varinhle infreduced)

UJ , - Jd% :d:
(131/45,) W

o ) ] - () ()

e g1y

Lnr]
w

In'{"ejra.ﬂ"hj aqoin
r= - |4t e + (}a;-)jycﬂ, 2% = 9

|
SDJ 'Pihd.“j] . X

'la(x\ = = %,(w)Jé_{: r({:)i,,(t) +11_L(MJA{: r(t)y,(t)
Y LE ) -yl () Y, (4) 4.6y (£)-ult)pft)

Arloi'}mr\ui chticw n Jower limit re,rprcxwﬁs a_AﬁUl\j
multiples  of (j,ﬁv) nd 13,_,(513 Cwhid s faz

50) ?I{VEH Sslns ““b ‘erf Corrﬁpu\dilj )qﬂl'blﬂjghe..&u.g
Wﬁ\ o Pmr’]ﬁ‘wlu snwm "J‘b Fhe

ihl’\brm eneous egushon con be 'lat\uu\a( AS
J ‘EM
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Series  Selutior of He f;lumy&heﬁﬂi é_? wa X2
e EXxpansisn abort r"e(jm./-:..r {ﬂr‘df!’hmra) /Df or a
rfja/.m. 'b}lh(j‘a/d.r P{'

I-ﬁ e is o r%u/mr' P{' [/_‘)(ﬂ-))j_(d f;'m“!e,j} we
com  expand p(k) ond ?,(HJ as Tay/ur ser/es obonf a.

ASSL&ME. A Series Safu.)f';i‘h ﬁarm ngn

é,fflf) = P i, Cra)
N=¢p
Exﬂmplﬂi Hermi'Lc‘s OCLUrS | h m E‘l“uc{ G'F
har monic :E.i-c.”lu(tr. 3- ¥
Pu} = —dx

“_ n 'y 2 o)
”a x"a + m'la O %.,[ﬂ '=elc-£
Ph;h{- ) ,blbk -ﬁgr i

Since ¥=0 is o reawlar

ex pansisn  of (») bout' x=o. :
P w‘& obo )Frw{mﬁ
= pt?'r
j,(‘.c) & Zo‘nfh
. n=o -
2 nnda " —2xZna, " v awl a, ¥ =0
=0 n=o n=o

The ceelicient of each porer 'n X

must  yanish.



®: Qa,+dwey=o0 [gk:-ma.,[
k"': G%‘“l‘lﬁ' ;)_wa\‘:c; rq%:—?t([—b})ﬂl \
XM-LZ m(m—;)o\m-& QM_L(M—L) + 2 WAy = O

A= oL Qpy [(m—a.) —w]

m (m-1)

Recursion velation aivas Op in terms of Aoy,

The series in  pdd powers and Ih even powers
jim He +wo solns of Hermite's . ;151“1“'*"'

%L; ﬂ.,?i*'" e

(Tl’\a drﬁ{. DPardn L= éj—&mi + 2w s elVen
dx* Ax

under y—> —x  s» the solns have wedl defned ?arﬂa )
Gemeraﬂ Ec"n = 8M . +'o 'pbh,mi ws b.c.'s,
§° a3, +by 4

r B
S < sdd
For even sohm : e -l[[m-—.l«}—w-,\ X i[(m‘”)*@] ah"““'"f
o om(m) (m-v) (m-3)
2yt wlw- ) w-4)-— - (w-me)a

m |
In the tse Y w=2n }wke.rc, n s an iﬂcbar-}
Lhew FLor (m-2)=2n the coelfficnent Ay, will vanish
Thus the series terminates ot Pan. The even serieg
se lwhiim s Yhen &Pb]dh‘bmfd mﬂ oroler Qn —
Hermite  poly wom{als
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e Expahsfah abowt rrfjw/u ':;Eanfm ,Dur'aj‘

/Uear a r{?w{m St ngufan P‘LL Y =a [(k*ﬁJP(ﬂ)
and (r—al"?,(nj aré  fwle  Lat  eiMe /D(&)D“l
?,(a) arc na‘!"] ) O Tay/ﬂf series ﬁa{}.}an‘ir'ﬁ&-
ot P(F] and («) may nol exst.  So For ?{r)
mo a’.‘ﬁy ‘fh_ aﬁ,’raatj\ and assSauama. a. 74-’ Ao

( AV ote: MIL{M

s n
9(!&'} = (f'—ﬂ-)d Z a, (,‘(-*a_) nor madizes a.g:‘—f)
/n=n
numéeﬁj /Dﬂsf%fvf. or ﬂ?o\]{rl*’q}

(o4 f‘ha?/ éw_ a.{:j
;n%ajc,r‘ or hoha‘n?{efef; Fca.,( o CDM)D/E»::,

This modi fred afpra&a/\ iS ﬂ-t Ffﬂéeﬂrk—s Me}e{-f,

Ba\'seo! on our d.e. ?NL d&?ghﬂe hew 70!1‘5 p(lﬁ)ﬁ"\d
Q) as  follows:

e Lyt pyregg] =

{K*MLH i +(r-—az/p(r)3’ ~ (})&)3, =0 ) e
= (x-a) p = (x-4) T

Ply) amd 4(x) are bo HA A‘m‘?‘e i EE and
Con éue_ expmafea( en a Tﬁj/w’ ser/es.

e n
Plx) = (x—a)p(x) Z P [y-a )

n=o

& 5 dad
n:ﬂj- e

()

"

(O (x) = (i‘*d)z}(y]



Mote ‘f“i{uf) Lor  an arafr'mtcy Pwin'&)
P,, =0 o.ndl }a'ﬂ ?r =
Put the -e.xpwnm‘nh:- /ar“ ?} /El and Q info *
(I—ﬁlﬂg i 0= (K—a)q]jz Lo<+n)(of+n—|) QA n [X-—d-)hul
Nn=o

+ o0 ed ™

(1-4_)?'3“ 3 ()t—a.)d[Z—(a+n)qh<x-q)h][£ppm(X—ﬁ)]

Q; +(x—a\°‘[i ah(x—a)h][i %M(x—a)ﬂ
h=gc M=o

The Cut‘pﬁ'ﬂitn{' ﬂ‘P E.ﬁ\r.f!ﬂ iner ﬂ‘p (K‘ﬁ) M*‘-&S‘F
vanish EEParUf‘ O(j .

Power: Coef Ficsont : L
do \s

Trar

& o (al=1) Qg+ o Qo Po + e g5 ::Io;g;;

4
: 2 [ ot (ot=1) +o P“ ‘f_‘?l" =0 | r& hahc,e_,{:;r+k
(4 | al[nz(u{-l-r.) + (ott1) P“ +-56_b‘] + « P* s o 664 = 0O

“td. @, [(g+¢)(a¢+r) +(otta) P + 7(“_]+ a, [(of-m Pt czrl]h(??_-n—}f

Giﬂ:iﬁd\ ah[(¢+n\(g+h-l\ 1—P°(af‘ih.) 1-7.,,,1

Pnutr' +D“h-"l.["" ] + g;{-r.,. =



The aafion  # o(«=) +otp,+ g, =0

Corrﬂﬁpbhdlﬁﬁ +v Ve [owest pnwar- is :x_.

?W_o{raﬂg e;s_h in ocj (”‘*kt mcll L?MD

Crahar‘m“j , ot has e rests o amd oy

Dm‘!*“h‘ng each of these rosts into fle snccessive
e,wim one solves for a,,8,, --- @&

For each root of

Sol u.?Hﬁ\ﬁ 'F{H" 13,(}()

h.llrll-

ohe J%trw’f""—é A teries

'j! :(x’—a)

~
ol s W and Uy are m«ltj'ﬁr_
j&_: (- a ) U, &y e (Ekpmatd oS

T&U’hr sef LSB

or the case X=a oo requlan point :
so He indiagd cﬁmu‘f'm\. :_-g,d{uc_cf P ﬁ

L(2-1)=0. Thus =0 and «=| are Heo
Fwo  roots  of v s aud (,ﬁ_,,d
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Letts do one ﬁ?‘rm;g/ﬂt Forward example where we
obtain @ /fhe.arg indpﬂL. Selns  near a f‘e&w/%
sfhjwfm‘ /Dm'n/f' wa  Fhis  metted.

5 'S f Ve ‘/'LQ, }\ype,rde_ o mefr“r‘::. Wf.%
{IL-M?” +(ol>(-‘:i)vau’ - ':,‘5(? =0

s oL serjes I h P dmer—s odﬂ X

I den (:hcj PC)() = (;11(—’]5_,) and ?(x): -
X(}i*l) L"K[K—l)

RE—JM‘&F" "5; h\jh’ﬁd" Puiﬂ'{'ﬁ ﬁ;’— =0 O/V\.d ¥ 7-;
We are 5@&@1% +he e,xPahs:‘m:s abont x=o0.

o>
Assume. ~pnrm 'fa: XPZC'«h Kn
n=0

Dht\ce-r‘ﬁ-h‘l'fﬂ-«‘h'hj and P}“:)j"hf) ) nto %bez,uuﬁm:

2 (pendlprn-da, x7 " = 2 (prn)lprn-da, P
n=o n=o
oo oD -
22 pman™ 4 $ (g e
el h=0
Tn
* JL-‘ ;&h XP = O

The Loe:p'piu'wjf' o'zn eonch piwer n‘P ¥ munst

V ahish Sep nrpu}d\tj.

P PP P
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Y¥h Ferms) J : : tﬁm
Darn’t want ay,=0 since HYus windd
c[ﬂﬂw 5u¢¢£$‘5f1¢- ﬁ;_"s. +a #Am'i‘ﬂ + 'FWF'\
a tavid <on. s P:D il P::}L-
'5“19?13 ouc +wo series soluhews.
mi-—P
X
(m=n in Hﬂ%rd}‘i““x Q‘m-}q: [(mﬁ-}:)(m tPTO'I"'«!}]QM

and M= a-1 innd, YA

(mtpt1) (mtpr'fa)

This s owur Sw”aﬂ rec Wi ref{a.)ﬁas..._
for The coelfenents ) it ¥heo tun
Pmrﬁmlqr reswlts CO(FLS)JmAn\-\j + P=o}-—.}_

= [ e |
P=0 case: o P = (Q"ﬁ") £
(‘rﬁh\
— (am+) L (am 1) "
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I (am 'H\!]. o
M4

- i § -Emh)!

-’.ah = Z L (Jﬂ—lu.lll. X“
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—
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B Case L — Q(MH)QM
(almf%)
=2 (m+) 2 (m) -
(am+3)  (Qm+)
: m+
= ol (mﬂ)! a,
(ams3)!)
oo " I
= - n. n
jcl J_X/‘ ab Z e — 1){
n=o  (an+i)!
Uar‘ nmice — "'Wb sevies 55{:.1'}'1‘0‘&3- thcawh‘i‘trﬂo(

no *Pralolem'h

BUF ket T e dedieid egmihine e only 1 rogt?

0w bhe Eblmh‘ﬁ‘\ﬁ w;” l:'e ener‘wff_.a{ 1‘3\7 m

me thod. In ‘ﬂncf, we wMl fre M{(j Ar'rol
s¢  tAaf

I n one €olow Fiom alse (n 7‘4{,
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