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Using a single notat ion,  a s u m m a r y  is presented o f  the various 
analytic and  graphical  me thods  used for ass igning errors to 
individual parameters  determined in linear and non- l inear  least 
squares  fitting procedures,  with emphas is  on cases with few 
degrees o f  f reedom (e.g. the mult ipole  mixing ratio p rob lem 
in g a m m a  ray spectroscopy).  The  ranges  o f  applicability o f  each 
:method and  the relat ionships between the me thods  are discussed 
with part icular  emphas i s  placed on dis t inguishing between the 
cases for which the magn i tudes  o f  variances on the input  da ta  
are known  and those for which they are not  known.  It is shown 

directly that  the  graphical  2"21,+ 1 rule is equivalent  to the 
analytic internal error est imates and  the  cor responding  graphical 
limit for the  external error est imates is given by Z21n[ l+ 
(1/(n - p ) )  F~(1, n - p ) ] .  An  explicit formula  is given for t ransform-  
ing f rom one error es t imate  to another .  A direct analytic procedure  
is presented for determining the diagonal  elements o f  the error 
matr ix  wi thout  calculating or inverting the no rma l  matrix.  
Tables o f  the statistical F and t dis tr ibut ions at the 68.3% and 
95.5% confidence levels are also given. A s imula t ion  o f  a simple 
fitting exper iment  is discussed to clarify the concepts  involved. 

I .  Introduction 

This paper deals with the following rather specific 
,question which has wide application in data fitting: 
" H o w  do we assign confidence intervals to individual 
]parameters determined in non-linear least squares 
fitting procedures where: i) the normal matrix and its 
inverse are not explicitly calculated; ii) there may be a 
very few degrees of freedom; and iii) the variances on 
the input data (which will be assumed to be from a 
normal distribution) may or may not be known ?" 

This work has been stimulated by the mixing ratio 
problem in gamma ray spectroscopy. However, the 
results are of general applicability and can be used in 
many areas (e.g. recoil distance lifetime measurements 
with only a few data points; DWBA analysis of reaction 
data; determining shell model matrix elements using 
least squares techniques). 

This problem still needs to be discussed for the 
following reasons. Firstly, the non-linear aspects are 
not dealt with in standard texts and they tend to 
obscure the underlying statistical problems. More 
seriously, there are many statistical factors which are 
frequently ignored because they tend to unity in cases 
with more than a few degrees of freedom (e.g. the 
students t distribution at the 68.3% limit). However in 
cases with only a few degrees of freedom these factors 
are important. Finally, there has been a great deal of 
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confusion since the proper distinctions have not always 
been made between the statistical methods which apply 
when the magnitudes of  the variances on the input data 
are known and those which apply when the variances 
are not known. As a result of  these factors there are 
many apparently contradictory methods and some 
erroneous methods found in the literature. For 
example, in the graphical method discussed below, the 
following limit points have all been suggested: 

2 
2 Zlo% X Z2in 

Zlimit = 2 
Z5o% 

2 2 .+_ 
~(limit = Zmin 1 

Z2mit 2 ( = ~(min I + 

ref. 13 

ref. 3 

1 F,(1, n-p) )  refs. 6, 9 
n - p  / 

Zlirnit = )~mln 1 + F~(n, n--p ref. 4 
n--p 

The implications of the use of one or other of  these 
formulae is often misunderstood and their relationships 
to the standard analytic techniques are often obscure. 

Using a unified notation, a brief review of the 
analytic and graphical methods which can be used to 
assign error estimates will be given. Special care will 
be taken to define the ranges of applicability of each 
method. Then, based on the derivation of the graphical 
method, an analytic method for indirectly calculating 
the inverse of the normal matrix (i.e. the error matrix) 
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and hence the desired confidence intervals will be 
presented. Once the various methods have been deline- 
ated, a general method for t ransforming f rom one error 
estimate to another will be given. 

The non-linear aspect of  the problem is not  solved. 
It must be assumed that the fitting function is nearly 
linear in the region of  the fitted parameters before the 
confidence regions determined have a proper statistical 
meaning. However,  this is frequently the case and 
methods for directly checking the linearity will be 
given. 

2. Statement of the problem 

Consider a series o f  n data points Yi, measured as a 
function of  some variable xi. We assume: 

yi = f( fJ ,  x i ) + e l ,  (1) 

where p is a series o f p  unknown but fixed parameters 
we wish to estimate, f(li ,  xl) is a homogeneous  fitting 
function (i.e. f (O,  x i ) =  0) and the ei come f rom inde- 
pendent, normal distributions each with mean 0 and 
variance a 2.. Under  these assumptions, there are two 
physically distinct cases and a subcase to be considered. 
Case A1.  The e~ are related to the measuring process or 
procedure involved. The magnitude of  the o.2 are known 
and refer to the experimental accuracy of  the measure- 
ment of  the y~. In the absence of  these measurement 
uncertainties, the model used would predict some 
quanti ty exactly (e.g. the length of  a rod). 
Case A2.  The same as case A1 except that the magni- 
tude of  the o.2 are unknown. 
Case B. The e~ and hence the a 2 are attributes of  what  
has been measured and not of  the measuring process. 
In this case the o .2 are parameters which must  be deter- 
mined from the data along with the parameter  [I. In this 
case the model does not  predict the value of  a single 
observation, but only the distribution of  a series of  
observations. For  example, the heights of  boys whose 
fathers have the same height will be distributed about  
some mean value. The width of  this distribution is a 
physical attribute of  what  is being measured and is not  
related to measurement "er rors ' ' .  

I f  the same data is analysed under any of  the above 
assumptions, the same least squares estimators of  [I will 
be obtained. However,  dif ferent confidence intervals 
will be calculated for the parameters flj. Some confusion 
arises because the confidence regions obtained for case 

* The assumption of independence can be removed (see sect. 1.5 
of ref. 10), but the assumption of normality is critical to the 
development. Normality can often be justified in nuclear 
counting experiments but not necessarily in other data. 

A2 and case B are the same. Furthermore,  books on 
statistics and computer  program packages often deal 
exclusively with case B whereas case A occurs fre- 
quently in physics. Lastly, there is confusion since there 
should be very little difference between the results for 
case A and case B when there are many degrees of  
freedom. The fact that  significant differences are 
frequently expected when there are only a few degrees 
of  freedom is often forgotten. 

In the remainder of  this paper, case A will be of  
prime interest. Traditionally the case of  nuclear count- 
ing is considered in this light (and hence the X 2 test 
can be used) although, strictly speaking, one could also 
interpret it as case B in some respects. 

To allow a unified notation, the variances on the 
input data Yi will be written as Oo. 2 where 0 represents 
a possibly unknown scale factor. For  0 = 1, case A I is 
obtained. In cases A2 and B, 0 is unknown and the 
o.{ become just the relative weightings of  the data 
points and not the input variances (they may be unity). 

The solution of  the least squares problem leads to 
estimators ~ for the parameters p given by (in the 
linear case): 

= 8 - 1 X y ,  (2) 

where 

X)k -- 

S = i X  t o r  Sjk 

1 af(p,  x~), k = 1, ... p, 

o.j 8ilk i = 1 . . . .  n, 

" 1 ,gf(p, x,) af(~, x,) 
= ,=,Z o.~ ~ a/~k 

(3) 

j = 1  . . . .  p, k . . . . . .  p, (4) 

Yi = y f l % t ,  j = 1 . . . .  n. (5) 

S is the so called "normal  matrix".  In a linear model 
(where " l inear"  refers to the parameters p and not to 
the x ) ,  the matrices X and S are functions of  xj only. 

Most  statistical results are derived for this linear 
model case. However, it is justifiably argued that as 
long as the fitting function f ([ I ,  xj)  is approximately 
linear near ~, then the results obtained for the linear 
model are valid. Approximate  linearity near p implies 
that the second and higher order terms in a Taylor 
expansion are negligible, i.e. for any k, 

~f(li, x3 
f ( [ J + A f l g , X l )  ~ f( fJ ,  x l ) + A f l g - -  (6) 

c~ /3 k 

* Iff(l], xi) is inhomogeneous, then set fj = (yj - f ( O ,  xj))/aj. 
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If condition (6) is valid when the Afik are the "er rors"  
determined by the procedures outlined below, then the 
confidence specified will be approximately correct. In 
practice approximation (6) can be verified explicitly 
or, if graphical methods are used, other checks can be 
made (see sect. 6). In the remainder of the paper, 
exact results will be derived for the linear case only. 

3. Analytic methods 

Define: 

L(y, ~ ) =  ~ ~ (y~-f(~,  XI)) 2 

and C = the variance (covariance) matrix for the 
estimators ~ (the "error  matrix") 

= E [ ( p -  ~ ) ( p -  ~)'], (8) 

where E(x) is the expectation value of x. L(y, p) is the 
function minimized to give ~. The following statements 
are standard results in statistics (see e.g. ref. 10). 
In eqs. (9), (12) and (14), [I refers to the true values of 
the parameters. 
For cases A1, A2 and B: 
a) ~ as given by eq. (2) is an unbiased estimator of 

(i.e. the expectation value of ~ is I]). (9) 

b) C = 0 S -  1 (10) 

c) L(y, ~)/0 has a chi-squared distribution with n - p  
degrees of freedom. (11) 

d) ~, considered as a random-variable, has a 
multivariate normal distribution with mean 
value [I, and variance 0S-a,  or equivalently, the 
function 

N ( 0 ,  1) - 

has a normal distribution with mean 0 and variance 1. 
For Cases A2 and B: 

Statements d) and f) lead directly to the following 
results regarding confidence intervals. 
Case AI: Internal errors. 

In the case in which the variances on the Yi are 
known (0 -1 ) ,  then result d implies that the following 
interval contains the true value of the parameter fl~, 
percent of the time: 

(15) 

where N, is the normal distribution at the ~% point 
(e.g. N = I . 0  for ~=68.27%, N,=2 .0  for ~=95.45%). 
This has been referred to as the internal error by 

(7) FergusonS). For later purposes it is useful to think 
of this result as follows. Rewrite eq. (12) to give: 

f l l  ---- ]~i-k-N~(0, 1)N/~Z1)ii .  (16) 

Conceptually the meaning of this equation is vague 
although operationally it can be well defined. //i 
should no longer be thought of as the true value of the 
parameter but as a function (F(/~)=//~). The end points 
of the confidence interval in eq. (15) are just those 
values o f / ~  which produce the limiting values of the 
function (i.e./~i) given by eq. (16). 
Cases A2 and B: External errors. 

In the cases in which the variances on the y~ are 
unknown, result f implies that the following interval 
contains the true value of the parameter//~, a percent 
of the time: 

(/~i- t~ ~/O(S- 1)i,, ~i + t~ ~/0(S-  1)ii) , (17) 

where t, is the ~% point of the t distribution with n - p  
degrees of freedom (see appendix A) and 0 is given by 
eq. (13). Ferguson has referred to these as the external 
errorsS). 

All of the above results are well known and are 
(12) included here to provide a complete summary in a 

single notation and to allow comparison to the gra- 
phical methods. 

e) 0 = L(y, ~ ) / ( n -  p) (13) 

is an unbiased estimator of the unknown 0. 
f) The function 

t ( n - p )  - (14) 

has a students t distribution with n - p  degrees of 
freedom. Note that L(y, ~) is the usual ~2 statistic but 
it has a chi-squared distribution only if 0 = 1 (i.e. in 
case A 1). 

4. Graphical solutions 

The intervals given in eq. (15) and eq. (17) can be 
used to obtain confidence regions for any parameter 
determined in a least square fitting procedure as long 
as S-1 is known. However, in practice they may be 
useless since there are many ways of determining 
which do not require finding S or S -  1 (e.g. grid search 
methods or methods which avoid direct calculation 
of the matrix S -1, e.g. ref. 11). 

The basic idea behind these graphical methods is to 
calculate Lj(y, ~) as a function of each/~j near the value 

~j found in minimizing L(y, p). Lj(y, p) is the value of 
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L(y, [I) which, for a specified value of  fij, is minimized 
with respect to all other fli(i¢j). Limiting values of  
Lj(y, p) are specified (differently for  each method) and 
the values of  fii which produce these limits are defined 
as the end points of the confidence interval for the 
parameter  flj. Thus in fig. 1, the interval (flj-A,flj+A) 
is the confidence interval defined by the limiting value 
of  Lj (y, p). 

In order to see the relationships between the gra- 
phical methods and the analytic methods of  sect. 3, it is 
instructive to start with the following result, al though 
other derivations have used different approaches6'3'9). 
In the present notation, eq. (12) of  Archer et al. 2) 
becomes: 

Lj(y, ] i ) -L (y ,  ~) - (flj_/~j)2 • (18) 
(S- ~)jj 

This equation tells us that a plot of  Lj versus flj must 
be parabolic about  the minimum value flj. 

To  obtain limiting values of  Lj(y, [I) for use in the 
graphical methods outlined above, one substitutes for 
the right hand side of eq. (18) using eqs. (12) or (14) 
and considers the resulting equation in exactly the same 
manner  as eq. (16). 

Association of  the~right hand side of  eq. (18) with the 
square of  the normal distribution gives (using eq. (12) 
for  case A1 with 0 =  1): 

Lj(y ,  [I). m = L(y, ~ )+ (N , (0 ,  1)) 2. (19) 

Similarly for case A2, substitution of  eq. (14) into 

• The p roof  of  this equat ion is messy but  depends solely on 
algebraic techniques. The proof is available on request. 

Lj(Y,B) 

_~__________~______ Lj (Y,-~)llm 
L(_y~ ) --i - - - ~ ~  ]1 

I I AI I 1 I I 

~j-A Sl ~).A 
0j 

Fig. I. In the graphical method of assigning confidence intervals, 
a graph of Lj(y, J]) versus flj is constructed where Lj(y, ~) is the 
function L(y, [~) at flj, minimized with respect to all fl~(i~:j). 
The confidence interval is defined by the limiting values of 
£;(y, [~) given by the various methods discussed in the text. In 
a linear model, the plot is given by: 

L#(y, [I) = L(y, ~) -F {flj-- flj)2/(S-1)jj, 

where S -1 is the "error matrix". 

eq. (18) gives: 

Lj(y,  ~)llm = L(y, fl)-t-OtZ~(n-p) (20) 

or, using eq. (13) and the general relationship t ~ ( n - p )  
=F(1,n-p) where F(1,n-p) is the statistical F 
distribution with 1 and n - p  degrees of  freedom: 

Lj(y,~)lim : g ( y , ~ ) I  1 + 1 F,(l ,n-p)] .  (21) 
n - -  p 

Since N~(0 ,1)= 1 for ~ = 68.3%, eq. (19) gives the 
standard " z 2 + l "  rule for the limiting value of  
Lj(y, [I)3). Eq. (19) also gives the more general rule for 
any confidence level. Similarly eq. (20) is the prescrip- 
tion given by Davies 6) for  the limiting value (see also 
refs. 5, 9). From the derivations it is clear that appli- 
cation of  eq. (19) is equivalent to the analytic solution 
for the internal errors given by the interval in eq. (15) 
and applies when the variances on the input data are 
known (case Al l .  On the other hand, application of 
eq. (21) is equivalent to the external errors interval 
given in eq. (17) and applies when the scale factor for 
the input data 's  variance is unknown (case A2). 

A third graphical method is available, but  it treats 
a slightly different problem (see e.g. refs. 7, 10). The 
two methods presented above deal with confidence 
intervals for individual parameters,  considered inde- 
pendently of  the values of all other fitted parameters. 
However, one may be interested in a confidence region 
(ellipsoid) for all parameters considered simultaneously. 
In this case, the following equation defines a p dimen- 
sional volume (in the [I parameter space) which includes 
the true value of  [I, ~% of the time: 

L ( y , [ I ) =  g ( y , ~ ) ( l +  p F~(p,n-p)). (22) 
n - p  

(Note that Lj(y, p) does not occur as suggested in ref. 4). 
This method is not normally of  interest in the nuclear 
mixing ratio problem but it does define a valid con- 
fidence region when the variances on the input data 
are not  known (i.e. in case A2 or B). 

5 .  A n  " a n a l y t i c a l - g r a p h i c a l "  m e t h o d  

The prime purpose of  the graphical methods pre- 
sented in section 4 is to determine (S)~) 1 without 
explicitly calculating S. The methods outlined were 
"graphica l"  in the sense that in practice they have 
been applied by considering a plot of Lj(y,[I) versus 
flj. However,  f rom a computat ional  point of  view, 
there is a much more direct method. Rather than 
calculating a complete table of Lj(y, [I) values, one 
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merely needs ~, L(y, ~) and Lj(y, l]) at a single known 
value of fit" Then, using eq. (18), (S-1)jj can be cal- 
culated and the internal or external confidence intervals 
calculated using eqs. (15) or (17) respectively. This 
saves computing time compared to the presently used 
methods and allows a computer program to explicitly 
output the desired confidence intervals. Thus, in 
general, finding the confidence interval in this manner 
:for a single parameter in a problem with p fitted 
parameters is equivalent to solving the fitting problem 
with p -  1 parameters. Although there are good initial 
estimates of the p -  1 parameters, this procedure can 
be prohibitive in terms of computing time unless p 
is small or there are only a few non-linear parameters. 

One practical point is worth noting. This method is 
subject to numerical accuracy problems unless ~ has 
been determined to a tolerance which is much smaller 

than the value of x / ~  (e.g. if a grid search has been 
used to find ~, then the mesh size must be much smaller 
than the confidence interval found). Some of the 
methods outlined in the following section can be used 
to verify the numerical accuracy of a particular solution. 

6. Non-linear functions 

As pointed out in section 2 the above results apply 
exactly only iff(l],xl) is linear in l] (i.e. if eq. (6) holds 
exactly). However they will be approximately valid as 
long as eq. (6) is approximately valid near l]. There are 
several ways to check on this assumption. The most 
direct method is to substitute the exact values into both 
sides of eq. (6). This of course implies that the deri- 
vatives needed to calculate S are available. 

If methods have been used which avoid calculating 
derivatives then eq. (18) can be used to verify certain 
conditions which are necessary consequences of 
approximate linearity. This equation states that a plot 
of L~(y, [I) versus flj must be approximately parabolic 
near flj i f f(l],xi) is approximately linear there. This 
can be verified visually from a plot or by explicitly 

calculating Lj(y,l]) with f l j = f l j + + _ N ~ ~  (or 

f i j_+t~/0(S-1)j j )  and comparing these values of 
Lj(y,l]) to those predicted by eq. (19) or (21)). The 
sources of any discrepancies must be investigated 
further since they may be due to non-linearities in 
f([i, xl) or they may be due to the numerical accuracy 
problems mentioned in section 5. 

One final consequence of the approximate linearity 
off(I] ,xi)  is that all confidence intervals deduced must 
be symmetric due to the parabolic shape of the L ivs 
flj plot. 

7. Transformation properties 

With the variety of methods used to assign confi- 
dence regions to fitted parameters, it is sometimes 
necessary to be able to transform results obtained using 
one method into those that would be obtained using 
another. Using the results in eqs. (13), (15) and (17) 
one obtains the following relationship between external 
and internal "er rors"  (determined analytically or 
graphically) at various confidence levels: 

(Internal at ~ %) = (External at fl%) (23) 

N~ tp (n - p) x/L(y, ~)/(n - p) 

It is also possible to transform intervals obtained 
graphically into internal or external confidence 
intervals. Consider the interval ( f i j -A ', fit + A ') deter- 
mined graphically using limiting values of 

Lj(y, l])lim : L(y, ~) x R, (24) 

where R is any specified factor (e.g. R =  1 +(p/(n-p))  x 
x F~(p,n-p)  as in ref. 4 or R=  ZZo%/X2o% as in ref. 13). 
Denote the 68.3% internal "e r ro r"  by A. One obtains 
the following general relationship from eq. (18): 

A = A'/x/L(y, ~) x ( R -  1). (25) 

Eqs. (23) and (25) emphasize the fact that L(y,~) 
should always be reported, both to allow for an evalu- 
ation of the quality of the data and to allow others 
using the data to transform it to another estimate for 
comparison. 

8. A simulation 

To demonstrate explicitly the meanings of the 
various prescriptions presented for assigning confi- 
dence intervals, a simple least squares fitting experiment 
has been simulated. The simulation calculated esti- 
mators for the parameters a and b in the expression 
y = a + bx, given a series of pseudo-random data points 
yt+ai  at known values of xi. 

The points Yi were generated as y i=a+bx i+e i  
where e~ was a normally distributed pseudo-random 
number, mean 0, variance a2=a+bxl.  These data 
points simulated a nuclear counting experiment. The 
least squares estimators of a and b were calculated for 
each experiment making use of the true variances on 
each data point and confidence intervals were con- 
structed using the various methods mentioned in the 
previous sections. The methods of section 5 were 
employed to obtain the "graphical results" and checks 
were made to ensure that these were equivalent to 
"drawing a graph". A record was kept of how often 
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TABLE 1 

Percentage of intervals including the "true" value of the param- 
eter "b '"  in 300000 simulated experiments fitting y = a  + b x  
with 5 data points and using the correct variances on the input 

data for case 1 and incorrect variances for case 2. 

Method Text Predicted 
reference % for case 1 

% of intervals 
including "b" 

Case 1 a Case 2 e 

Internal 
Analytic 12, 15 68.3 68.2 99.9 
Graphical f 19, §5 68.3 68.2 99.9 

External 
Analytic 13, 14, 17 68.3 68.5 68.5 
Graphicalg 21, §5 68.3 68.5 68.5 

Cline and Lesser 
Graphical (a) 90 95.4 95.4 
Analytic (b) 68.3 61.0 61.0 

~210%/7250% (c) 68.3 88.7 88.7 
Ellipsoid h 22 90.0 90.0 90.0 

(a) ref. 4, our eq. (22) using Lj(y, ~) instead of L(y, 1~). 
(b) ref. 4, eq. (3), i.e. our eq. (17) with no t distribution factor. 
(e) ref. 13 suggests L j ( y ,  fl)lim = L(y, 1~) x (Z210%/Z250O/o) gives a 

standard deviation error on the mixing ratio. 
(d) using "true" variances on input data. 
(e) using variances scaled up by a factor of%/10. 
(~) equivalent to Z~tn+ 1 rule (ref. 3). 
(g) equivalent to Davies method, ref. 6. 
(h) This gives an estimate of how often both a and b were within 

the ellipsoid defined by eq. (22). 

these various confidence intervals actually included the 
" t r u e "  values of a and b. The results are presented in 
table 1. 

As expected the graphical and analytic methods gave 
identical results for both the internal  and external 
errors. When the correct variances were used in 
fitting (i.e. case 1 in table 1), the internal  and external 
confidence intervals included the " t r u e "  value of the 
fitted parameter  the expected number  of times. This 
does not  mean that the confidence intervals were the 
same in each simulated experiment. The predicted 
internal  confidence interval was the same in all 
experiments (since S is independent  of the Yl) while the 
external confidence interval fluctuated and was less 
than one half  as large as the internal  confidence interval 
in nearly 20% of the cases. 

As seen from the table, all other methods produce 
the wrong results, except for the ellipsoid technique 
which is concerned with values of both parameters and 
not  just  the value "b" .  

In case 2, the same simulated data points and 
variances were used as in case 1 but  the variances asso- 
ciated with them in the fitting procedures were multi- 

plied by a factor of ~,/1-0. Here the internal  error esti- 
mates are wrong since they depend on knowing the 
true variances on the input  data. However, the external 
error estimates are not  dependent  on this knowledge 
and hence still provide "correc t"  estimates of the 
confidence intervals. 

An analysis of the actual distr ibution of the esti- 
mators of " b "  was made. The mean value was found 
to be the " t r u e "  value of " b "  (i.e. the estimators were 
unbiased) and the variance and fourth momen t  were 
characteristic of a normal  distr ibution with the variance 
predicted by the internal error method (see eq. (12)). 

9. Applications 
Graphical  methods have been adopted in the nuclear 

mixing ratio problem primarily because there is 
frequently more than one local min imum.  However 
the partial derivatives needed to calculated S -~ 
directly could be calculated quite simply and analytic 
techniques used to assign confidence intervals. However 
the use of plots of Lj(y, [i) versus flj is still a valuable 
aid since they display the quality of the data and the 
validity of the fitting procedure in a very graphic 
manner .  In fig. 2 it is clear that in case A the linearity 
approximation is invalid, in case B the parameter  is 
poorly defined and in case C the parameter  is well 
defined. 

In more complicated fitting procedures these gra- 
phical methods or the method of section 5 become 
essential (see e.g. ref. 3). However it is remarkable  that  
in some areas of physics little at tent ion is paid to 
extracting any type of error on various parameters.  
One example is in DWBA analysis of particle reaction 
data where seldom, if ever, are errors assigned to 

~j 

! 

Fig. 2. Although the graphical method can be replaced by a 
computationally shorter analytic method (see section 5), a plot of 
Lj(y, p) versus fij can still be very informative. From this plot it is 
immediately clear that: i) for case A the linearity approximation is 
invalid since the plot is not parabolic; ii) for case B the data is not 
very sensitive to fij; and iii) for case C the data defines flj welT. 
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fitted spectroscopic factors or optical model param-  
eters. Knowledge of such errors would clearly be 
useful. 

One must  be wary of interpret ing the meanings of 
statistical errors in too direct a sense, both in compli- 
cated cases such as D W B A  analysis or when fitting a 
simple straight line. One must  assume the model  
fitting funct ion is realistic. As has been shown for the 
case of nuclear charge densities deduced from electron 
scattering results12), the restrictions of the model may 
in fact obscure much of our real ignorance. Nonethe-  
less, it is still impor tan t  to determine whether, within a 
given model, our  data  gives a 1%, 10% or 100% 
statistical accuracy to fitted parameters and at least to 
determine which parameters in the model are sensitive 
to our  data. The statistical errors and the value of 
L(y, ~) should always be reported, even if the model 
is known to be unrealistic. 

10. Conclusions 

The equivalence of several analytic and graphical 
methods of assigning confidence intervals to fitted 
parameters has been demonstra ted and the relationship 
between internal  and external errors has been explicitly 
presented. The central role of L(y, ~) in these relation- 
ships shows that  it should always be reported to allow 
future comparisons  to be made. It is also essential to 
explicitly state which method has been used in the error 
analysis. 

The quest ion of whether internal  or external con- 
fidence intervals should be used hinges on whether or 
not  the variances on the input  data are known.  If the 
input  variances are known,  and if use is being made of 
the s tandard chi-squared test, then logical consistency 
insists on use of the internal  errors. This is normal ly  the 
case in gamma-ray  angular  dis t r ibut ion studies. If input  
variances are unknown,  or only relative weights are 
known,  then external confidence intervals must  be 
used. The conservative choice made by some physicists 
is to use the larger of the two confidence regions. This 
is acceptable but  implies no confidence in any chi- 
square tests applied to the data. 

The simple analytic method presented in section 5 
for determining confidence regions using " the  graphical 
me thod"  should prove useful in p rogramming  al though 
it is subject to possible numerical  accuracy problems. 
The methods of section 6 should always be used to 
verify the linearity assumpt ion  inherent  in this analysis. 
One immediate consequence of linearity is that  the 
confidence intervals assigned using any of these 
methods must  be symmetric. 

TABLE A1 

Values of the F and t distributions at the one and two standard 
deviation limits for various numbers of degrees of freedom. 

F(1, n) ( 1 +  F ( l ' n ) )  e t(n) 
n n 

68.3 a 95.5 b 68.3 95.5 68.3 95.5 

1 3.376 195.1 4.38 196.1 1.837 13.97 
2 1.746 20.5 1.87 11.25 1.321 4.52 
3 1.433 10.93 1.48 4.64 1.197 3.31 
4 1.303 8.24 1.33 3.06 1.141 2.87 
5 1.233 7.02 1.25 2.40 1.110 2.65 
6 1.190 6.33 1.20 2.06 1.091 2.52 
7 1.160 5.90 1.17 1.84 1.077 2.43 
8 1.137 5.60 1.14 1.70 1.066 2.37 
9 1.122 5.38 1.12 1.60 1.059 2.32 

10 1.108 5.21 1.11 1.52 1.053 2.28 
11 1.097 5.08 1.i0 1.46 1.047 2.25 
12 1.089 4.98 1.09 1.42 1.043 2.23 
13 1.082 4.89 1.08 1.38 1.040 2.21 
14 1.075 4.82 1.08 1.34 1.036 2.20 
15 1.070 4.76 1.07 1.32 1.034 2.18 
16 1.065 4.71 1.07 1.29 1.032 2.17 
17 1.062 4.66 1.06 1.27 1.031 2.16 
18 1.058 4.62 1.06 1.26 1.029 2.15 
19 1.055 4.58 1.06 1.24 1.027 2.17 
20 1.052 4.55 1.05 1.23 1.026 2.13 
50 1.020 4.21 1.02 1.08 1.010 2.05 

100 1.010 4.10 1.01 1.0'~ 1.005 2.02 

a 4-3 in last figure. 
b 4- 1 in last figure. 
e Used in the graphical method for external errors. 
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Appendix 

Knowledge of the 68.27% and 95.45% limits* of the 
F and t distr ibutions is necessary to calculate external 
confidence intervals at the one and two s tandard  
deviat ion limits. As these are no t  normal ly  tabulated,  
they are presented in table A1. They have been cal- 

* The present definitions of limit points are intuitively obvious 
but technically somewhat sloppy. In dealing with confidence 
regions with probability (1-c~)x 100%, we should strictly 
speaking deal with the following limiting points: Fi-,(n, m), 
ti-,/2(n) and Ni-~/2(0, 1). 
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cu la ted  us ing the  re la t ionship :  

P ( F l n l  , n 2) = l - I x ( n 2 ~ 2 ,  nl /2) ,  

x = n 2 / ( n 2 + n  1 F) 

where  P ( F ] n i , n z )  is the  p robab i l i t y  tha t  an F distri-  

b u t i o n  wi th  n I and  n2 degrees  o f  f r e e d o m  is less t h a n  

the va lue  F and  I x is the  i ncomple t e  be ta  func t ion  
(eq. (26.6.2), ref. 1). A n  I B M  360 Scientif ic  S u b r o u t i n e  

Package  rou t ine  was used to ca lcu la te  the  i n c o m p l e t e  

be ta  func t ion .  The  t d i s t r ibu t ion  was o b t a i n e d  us ing the  

re la t ionship :  

tZ(n) = F~(1, n ) .  
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