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Values of electron mass scattering power, T/p, for various materials have been calculated by using
the EGS4 Monte Carlo system and by integration of the Moliére multiple-scattering distribution.
The energy range covered is 0.5-100 MeV. Monte Carlo calculations test the concept of T/p
“experimentally” and assess the contribution to electron mass scattering power from effects such as
Moller scatter and energy-loss straggling. The Monte Carlo results agree within 2% with the
analytical results calculated from Moliére multiple-scattering theory at energies less than 20 MeV
for high-Z materials and for energies less than 50 MeV for low-Z materials. At higher energies the
Monte Carlo calculations include the effects of bremsstrahlung production which can significantly
increase values of T/p. For low-Z materials and electron energies less than 60 MeV, the Monte
Carlo calculated T/p values are generally 22% higher than those given by ICRU Report 35, while
those for high-Z materials and energies less than 25 MeV are found to be consistent (within 1%)
with ICRU Report 35. The effects of Moller scatter, which significantly affect T/p for low-Z
materials, as well as bremsstrahlung effects, are included in the present Monte Carlo calculations.
If the tabulated T/p data of ICRU Report 35 are modified to include the Moller scatter effect, then
for energies less than 60 MeV they are generally 6% less than the present Monte Carlo data for
low-Z materials as well as for copper. It is shown that T/p is a well-defined constant over an
appropriate range of slab thickness except when bremsstrahlung effects are significant. It is found
that 7/p is proportional to E~", where 7 is in the range of 1.5-2.0 for the energies considered here.
The Monte Carlo calculations are shown to agree well with various relevant experimental measure-
ments. Accurate T/p data, which should include the effect of Moller scatter, are necessary in
electron-beam treatment planning, especially for a small field size. The choice of the depth step in
the implementation of pencil-beam codes should not violate the slab-thickness limits for 7/p data.

I. INTRODUCTION

In radiation dosimetry and radiotherapy, it is often important
to have accurate information about the penetration of elec-
tron beams in matter. Electrons passing through matter are
influenced in two fundamentally different ways by their col-
lisions with the atoms of the absorber. Their energy is de-
creased by inelastic collisions and their direction is changed
by multiple scattering. The average energy loss of electrons
is well represented by the mass stopping power, while the
change in direction of the electrons is often characterized by
the mass scattering power, (7/p), which is deﬁned"Z_gls the
increase in the mean square angle of scattering (d6*) per
unit mass thickness traversed (p ds), i.e.,
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Strictly speaking, this definition holds only for a zero thick-
ness slab (ds—0) but in practice it is usually applied to slabs
of finite thickness. In fact, the concept is only of practical
interest because the equation holds for slabs of finite thick-
ness.

Assuming small and independent deflections, Rossi® has
derived two expressions for mass scattering power based on
slightly different theories which are valid for intermediate
energies. In the first method he used the classical Rutherford
scattering cross section. Screening of the nucleus by the
atomic electrons was taken into account by setting the cross
section to zero below a screening angle, 8, (all angles are
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in radians), which is related to the size of the atom. The finite
size of the nucleus was taken into account by setting the
cross section to zero above a maximum angle 6, , which is
related to the size of the nucleus. These two angles were
based on simple models and 6,,,, was further limited to val-
ues =1 rad, which in practice means 6, is 1 except at high
energies. The formulas developed this way were used to
tabulate values of the mass scattering power in ICRU Report
21!

In his second approach, Rossi used a screened Rutherford
cross section which is finite at zero degrees and explicitly
includes the same screening angle 6,;,. This leads to

T 2r,Z 2NA( ( (0,““)2)
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where 6,,,, has the same meaning as above and r,, Z, 7, 3,
N, ,and M, are the electron classical radius, atomic number,
ratio of kinetic energy of the electron to its rest energy, ve-
locity of the electron relative to the velocity of light in
vacuum, Avogadro’s constant, and molar mass of the sub-
stance (g/mole), respectively. Since the derivation of this
equation assumes independent deflections from each atom,
values of T/p for compounds are calculated by adding the
values for each element according to their fraction by
weight. Note that Rossi left out the last term because it has a
negligible effect but it was reinserted in ICRU Report 35
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which uses this formula to tabulate values of T/p (we find
that our programs do not always get the exact values tabu-
lated in ICRU35 although we get exact agreement with other
sources).

The selection of the screening angle, 6,;,, is important
since its value affects the value of T/p. Rossi and others use
a simple model for 6, , viz., 6, =N(27r,) where r, is the
atomic radius and A is the wavelength of the electron. For
Rossi this reduces to 6,;,=aZ'"/B(r+1) where a is the fine
structure constant, whereas ICRU Report 35 uses a 13%
larger value which just reflects using the Thomas—Fermi
value of the atomic radius. The value for 4,,, (taken as
NM(2mr,) where r, is the nuclear radius) also affects the
value of T/p but for the energies of interest here, its value is
almost always 1 rad, which is somewhat arbitrarily selected.

If one assumes that the deflections of the particles in the
slab are due to a large number of small and independent
deflections, then the angular distributions of the electrons are
Gaussian in shape. In practice, T/p values are used to give
the width of this distribution, in particular in treatment plan-
ning algorithms based on Fermi-Eyges theory (e.g.,
Hogstrom et al’). It is well known,* and we shall see below
that this prediction of a Gaussian shape is not in good agree-
ment with experimental measurements which have signifi-
cant large-angle tails which are primarily due to one or a few
large-angle scattering events.®

The values of electron mass scattering power tabulated in
ICRU Reports 21 and 35 do not include the effects of
electron—electron scattering (Moller scatter) although ICRU
Report 35 mistakenly asserts that the values in ICRU Report
21 include it. The values of 7/p given by ICRU Report 35
are of the order of 12% less than those given by ICRU Re-
port 21 at low energies; the difference decreases to about 6%
at 50 MeV.

More recently, McParland’ has reported another calcula-
tion based on the scattering cross section derived by Mott
which accounts for the electron spin. His approach does not
explicitly use a small-angle approximation. Values of the
electron mass scattering power calculated from his expres-
sion, which is only valid for low-Z materials (Z<27), are
approximately 6% less than those in ICRU Report 35. Hui-
zenga and Storchi® have also introduced an estimate of T/p
based on the Gaussian term of the Moliére multiple-
scattering theory®'® which is discussed below. This estimate
has the unfortunate feature of making 7/p depend on the slab
thickness. As will be seen below, retaining all terms in Mo-
liére theory leads to values for 7/p which are independent of
slab thickness.

The above review suggests that T/p is sensitive to the
theory used in the calculation. The Moliere multiple-
scattering theory>!% is a widely accepted theory which has
been shown to be in much better agreement with experiment
than using a Gaussian model with the mass scattering power
predicted by the above approaches.!! The Moli¢re theory
predicts the entire angular distribution which can be directly
tested. Using this theory we report detailed analytical and
Monte Carlo calculations of the values of the mass scattering
power for lead, graphite, copper, water, and air in the energy
range of interest in radiation dosimetry. In addition to study-
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ing the relation of the mass scattering power to the electron
energy by Monte Carlo and analytical methods, particular
attention has been focused on the differences between the
analytic Moliere calculations and the Monte Carlo calcula-
tions which are based on the same multiple-scattering theory
but also include other effects. The effects of various transport
parameters in the Monte Carlo calculations are also studied
in order to obtain accurate values of T/p.

A major objective of this article is to examine the range of
validity of the concept of a mass scattering power which is
defined for a zero thickness slab but which is used in prac-
tical situations for slabs of finite thickness. The Monte Carlo
technique is used to test the layer-thickness dependence of
T/p “‘experimentally,” and to assess the size of the contribu-
tion to electron mass scattering power from Moller scatter
and energy-loss straggling. To complete the article, the
Hogstrom pencil-beam code® for electron-beam dose calcu-
lation has been employed to study briefly the impact of using
more accurate T/p values on electron-beam treatment plan-
ning.

li. MOLIERE MULTIPLE-SCATTERING THEORY
AND ANALYTICAL CALCULATION

Electron elastic collisions with the atomic nucleii can be
treated by the Moliére multiple-scattering theory.”'® Moliére
used the small-angle version of the screened Rutherford
cross section and assessed the screening effects using the
Fermi-Thomas atomic model. His theory gives the angular
distribution as the series

£(8)8 d6=3 do[2e™ ¥ +B ' f(8)+ B FD(§)+---],
3)

f‘"M?—Ifm du Jo(O *"2’4"21“2” 4
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where 9=8/x.B'? is the reduced angle, B is defined by
B—In B=In £}y, J, is the zero-order Bessel function, and y.
is given below. (), can be interpreted as the number of
atomic collisions that contribute to the scattering and is re-
lated to the step length. Moliere considered his theory valid
for (;>20. Recent work has shown that the Moliere
multiple-scattering theory as implemented in EGS4 is rea-
sonably accurate compared to detailed Monte Carlo calcula-
tions which simulate individual elastic scattering, as long as
the limit £2,>20 is obeyed.'?

Although originally derived as a small-angle theory, Mo-
liere multiple-scattering theory has been modified by Bethe
to predict accurately large-angle scattering'® and we include
this correction by multiplying the right hand side of Eq. (3)
by 6/sin 6. Moliere theory applies to arbitrary step sizes
within a given range. The minimum step size (¢,,,) required
to ensure sufficient scatter is given by'%!¢

tminzﬂoﬁzlbc [Cm]’ (5)

with =20, while the maximum step size (z,,,,) derived by
Bethe'® in his treatment of the Moliére theory is



533 X. A. Li and D. W. O. Rogers: Electron mass scattering powers 533

TaBLE I. The low and high limits of the slab thickness, s, and 5, , in g/cm?, used in the present calculations. The value of s, is selected to ensure at least
20 interactions occur so that multiple-scattering theory applies. The value of s, ensures no more than a 2% energy-loss correction is required.

Kinetic Graphite Lead Water Air Copper
energy
(MEV) S min S max S min S max S max S min § max S min S max
0.5 0.002 11 0.0113 0.002 80 0.0178 0.002 54 0.009 94 0.002 04 0.0112 0.001 76 0.0145
0.8 0.002 41 0.0158 0.003 19 0.0236 0.002 90 0.0139 0.002 32 0.0155 0.002 01 0.0199
1 0.002 51 0.0186 0.003 34 0.0269 0.003 03 0.0163 0.002 42 0.0181 0.002 09 0.0231
2 0.002 72 0.0310 0.003 61 0.0400 0.003 28 0.0271 0.002 62 0.0294 0.002 27 0.0368
3 0.002 78 0.0424 0.003 69 0.0499 0.003 34 0.0371 0.002 68 0.0394 0.002 32 0.0485
4 0.002 80 0.0532 0.00372 0.0581 0.003 37 0.0466 0.002 70 0.0488 0.002 33 0.0582
5 0.002 81 0.0635 0.003 73 0.0649 0.003 39 0.0557 0.002 71 0.0577 0.002 34 0.0683
8 0.002 82 0.0927 0.003 75 0.0801 0.003 40 0.0814 0.002 73 0.0823 0.002 36 0.0921
10 0.002 83 0.111 0.003 76 0.0873 0.003 41 0.0975 0.00273 0.0974 0.002 36 0.105
15 0.002 83 0.153 0.003 76 0.0996 0.003 41 0.134 0.00273 0.132 0.002 36 0.131
20 0.002 83 0.190 0.003 76 0.107 0.003 41 0.167 0.002 73 0.162 0.002 36 0.149
30 0.002 83 0.255 0.003 77 0.116 0.003 42 0.222 0.002 73 0.213 0.002 36 0.175
40 0.002 83 0.308 0.003 77 0.120 0.003 42 0.269 0.002 74 0.256 0.002 36 0.191
50 0.002 83 0.354 0.003 77 0.123 0.003 42 0.307 0.002 74 0.293 0.002 37 0.203
60 0.002 83 0.392 0.003 77 0.124 0.003 42 0.340 0.002 74 0.324 0.002 37 0.211
80 0.002 84 0.455 0.003 77 0.126 0.003 42 0.393 0.002 74 0.376 0.002 37 0.223
100 0.002 84 0.503 0.003 77 0.127 0.003 42 0.434 0.002 74 0417 0.002 37 0.230
(E+0511)ZB4 (6) 1.13&21/3 J 7 )2
= 0511280 ] [cm], brin="pr41)" V1-13+3.76| ;373

where E is the electron kinetic energy in MeV and b, and
X.c are constants that depend only on the medium in which
the transport takes place. For elements

670,33 zZ"3(z+1) 1 .

b.=6702.33p —Z—— 1500017822 L™ b
(M

Z(Z+1
Xee=0.39612 —(-Al[Mchm_”Z], (8)
and
Vs
Xe™Xee (E¥0.511) 87 ®)

where p is the density in g/cm?, s is the step length in cm,
and A is the atomic mass in amu. For polyatomic substances,
similar expressions for b, and y,. are given by Nelson
eral.® As suggested by Bethe,”® in Egs. (7) and (8),
Z'3(Z+1) and Z(Z+ 1) have been used instead of Z*? and
Z2, respectively, to take account of inelastic scattering from
atomic electrons.

The parameter ¢,;, also provides the lower limit on slab
thickness (s;,) for the present calculations. Values of s,
calculated from Eq. (5) with ;=20 for water, air, lead,
graphite, and copper in the energy range of 0.5-100 MeV,
along with other data, are tabulated in Table I. The value of
tmax fOr water, calculated by Bielajew and Rogers,'* is
slightly lower than the CSDA range when E<3 MeV, while
it is bigger than the CSDA range when E>3 MeV.

An important feature of Moliere theory is the determina-
tion of a more accurate expression for the screening angle
(6min), given by
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The electron mass scattering power can be calculated
from Moliere theory by

T J3%f(6)6*2m sin 0 do
p psfT% f(6)2m sin 6 dO

Calculations with Eq. (11) have been done for various mo-
noenergetic electron beams traversing slabs with thickness in
the range (fgin-tmax)- The analytically calculated values of
T/p are compared with those obtained by the Monte Carlo
calculations and are discussed in Sec. IV C. Note that for the
analytical calculations: (i) small-angle deflections are not as-
sumed (d{) =27 sin 0d 6, not 2760 d ), unlike in ICRU Re-
port 35; (ii) Moller scattering is taken into account; (iii) en-
ergy losses are not taken into account (either from
bremsstrahlung or secondary-electron production), and (vi)
the values of T/p are independent of slab thickness provided
that the thickness is in the valid range.

=0},‘§§U\/1.13+3.76

Z‘Z
T w

(11)

lll. MONTE CARLO CALCULATIONS
A. EGS4 and user-code MSTEST

The EGS4 (Electron Gamma Shower) Monte Carlo code
has been used.'*'” EGS4 uses the Moliere multiple-
scattering theory to treat the electron elastic collisions with
the atomic nuclei. The EGS4 user-code MSTEST was used
to simulate monoenergetic, normally incident pencil beams
of electrons passing through slabs of material. MSTEST
scores §° directly under a variety of conditions discussed
below. In particular, one may turn off all Moliére multiple
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scattering in the code. In most cases #? is calculated just for
the primary electrons, i.e., excluding the low-energy
knock-on electrons.

Initial calculations of the angular distributions calculated
by the Monte Carlo technique for very-high-energy electrons
{(~100 MeV) traversing very thin slabs (with €}, just above
20) were found to be incorrect because the default EGS4
code did not handle the sines and cosines of very small
angles correctly (a table look up technique is used for speed).
The problem will be discussed in detail elsewhere and this
error is corrected in the present calculations.

B. Selection of transport parameters and effect of
electron—electron multiple scattering

Some of the electron transport parameters must be chosen
with care.'® In EGS4, the lowest energy at which secondary
electrons can be created is defined by the parameter AE
(which includes the electron rest mass). Calculations show
that AE has an effect on the angular distribution for low-Z
materials. This is because the electrons are deflected when
they create secondary electrons via Moller interactions and
the amount of deflection depends on the production threshold
AE.

However, the EGS4 system also accounts for these deflec-
tions from the Moller interactions by adjusting the Moliére
multiple-scattering cross sections as mentioned above re-
garding Eqs. (7) and (8). In the EGS4 data preparation pack-
age, PEGS4, Z? is replaced by Z(Z+$FUDGEMS) with a
default value of SFUDGEMS=1. There are bigger differ-
ences between Z2 and Z(Z+ 1) for low-Z materials than for
high-Z materials and thus Moller scatter is relatively more
important for low-Z materials.

Thus EGS4 inherently double counts the effects of Moller
scatter events which create knock-on electrons above AE. We
investigate this double counting of Moller scatter and the AE
dependence of @2 as follows. First, 82, is calculated with
all Moliere multiple scattering turned off in the EGS4 simu-
lation. This gives a direct calculation of the deflections mod-
eled by the explicit inclusion of Moller interactions. Figure 1
shows 62, is strongly AE dependent and the creation of
very-low-energy secondaries clearly has a significant effect.
Secondly, the size of the Moller scatter contribution to 6,
which is included by using Z(Z+1) instead of Z2_when
creating the PEGS4 data set, is estimated as 6 — 0 monr
where #* is obtained by using the standard EGS4/PEGS4,
and 62, is calculated with a PEGS4 data set created with
$FUDGEMS =0 (i.e., with no Moller scattering included in
the multiple scattering data). Figure 1 shows that 6
— 02 mon 1S almost independent of AE, and is just somewhat
greater than 62, (the estimate based on the explicit model-
ing of each Moller interaction) if the creation of all second-
ary electrons down to nearly zero kinetic energy is included.
This suggests that both evaluations of Moller scatter are
close to equivalent in the limit of considering the creation of
all secondary electrons, although the direct calculation even-
tually fails because it does not account for binding effects.
This comparison verifies that using Z(Z+ 1) instead of Z%to
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effects of Moller scatter
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F1G. 1. Mean-square scattering angle caused only by Moller interactions,
calculated as a function of (AE-0.511), the kinetic energy threshold for
secondary-electron production. Calculations are for 1-MeV electrons tra-
versing a 0.01-cm graphite slab. The contributions from nuclear multiple

scattering are excluded. The values of & - 62,mon include Moller scatter

via a Z(Z+1) factor in the PEGS4 data only and values of ?)?ms include
Moller scatter via the simulation in EGS4 of discrete interactions with elec-
trons. Only primary electrons are scored in this calculation.

account for Moller scatter is a reasonable approximation al-
though Berger and Wang'® describe a more sophisticated ap-
proach. .

Thus, an effective mean-square angle of scattering, 62,
which is independent of AE and has the Moller-scatter effect
properly accounted for, is

EZFF:?— EZoms [rad2]~ (12)

The quantity 6% includes both the contributions from
nuclear multiple scattering and Moller scatter accounted for
using Z(Z+1) instead of Z? in the multiple-scattering for-
malism. The 62, term is subtracted so that the Moller scat-
ter from discrete interactions is not double counted. The frac-
tional contribution of Moller scatter to 62 can be estimated
by (¢ — 62,01/ 0%, which, as expected, is found to be
equal to [Z(Z+ H=ZN/Z(Z+ D)[=1/(Z+ 1)] to within
0.1% in a wide variety of situations. Plots of 6, 6%, and
62omon VS AE, calculated for 1-MeV electrons traversing a
0.01-cm graphite slab, are presented in Fig. 2. Table II sum-
marizes the notation used.

__ A possible alternative to the above approach is to use
62,mon With a very low value of AE to include the effect of
the Moller scatter by simulating it explicitly. However this
takes a very long time whereas the 62 calculations can be
done much more quickly with reasonable values of AE.

In contrast to the above, the calculated angular distribu-
tion for high-Z materials is not sensitive to AE. For example,
for the calculation of 15-MeV electrons traversing a
0.001-cm thick lead slab, 0.80% of the 6% value is contrib-
uted by the Moller scatter when AE=0.900 MeV, compared
with 0.86% when AE=521 keV. For high-Z materials, 6z
was found not to differ significantly from 6.

In general, ESTEPE (the upper limit on the fraction of the
energy of an electron lost per step) and ECUT (the minimum
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FiG. 2. Dependence on the threshold for the production of secondary elec-
trons, AE, of 6%, 62,0 and 8%=6—& ., calculated for 1-MeV electrons

traversing a 0.01-cm graphite slab. The quantity 6% includes Moller scatter
via the Z(Z+1) factor in PEGS4 and via the discrete interactions with

electrons simulated in EGS4. 6%, includes Moller scatter via electron-

discrete interactions in EGS4 only, while 6% includes Moller scatter via the
Z(Z+1) factor in PEGS4 data only. The contributions from nuclear mul-
tiple scattering are also included. Only primary electrons are scored in this
calculation.

energy for electron transport) have only very small effects on
the angular distribution. In the present calculations, ESTEPE
has been chosen to be equal to 1% for graphite, air, and
water, 0.3% for lead and copper. This ensures that the values
of the electron-step size are in the range of t;,—1.... For
incident energies less than 1 MeV, ECUT=521 keV and for
higher incident energies, 700 keV. For simplicity, we have
chosen AE=ECUT for all the materials used in the present
calculations. For low-energy runs, especially with high-Z
materials, there can be considerable dependence on the val-
ues selected for various parameters. In the case of lead this
made it impossible to establish (T/p) values within 1% below
2 MeV and hence no values are reported.

The remaining transport control parameters are PCUT and
AP, the photon equivalents of ECUT and AE. We have cho-
sen 10 keV for these parameters for all the calculations. This
properly includes the electron energy loss from the brems-
strahlung effects.

C. Calculation of mass scattering power

It has been found experimentally?>?! that the increase in

the mean-square scattering angle is proportional to slab
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thickness, s, provided that the mean-square scattering angle
is <0.3 rad® (see Sec. IV A). In this region of linearity, we
calculate

(13)

for an electron-pencil beam traversing a slab, where T/p ap-
plies to the energy of the electrons incident on the slab and
fe 13 an energy-loss-correction factor which takes into ac-
count that the scatter at the back of the slab is from electrons
at a range of energies in the slab. As shown below, Eq. (13)
gives T/p values which are independent of slab thickness (for
a range of thicknesses) and thus this equation is equivalent to
the differential form given in Eq. (1). For the thin slabs con-
sidered here, the energy-loss correction has a small effect on
the mass scattering power. Thus it is only necessary to con-

sider the first-order approximation of this correction, which
- 22723
is™

(S/p)iotps

fe= 1" o511 (14)
where (S/p),, is the total mass stopping power and the deri-
vation assumes T/p goes as E~2. The correction does not
account for energy-loss straggling. In order to keep the un-
certainty in the energy-loss correction less than 0.5%, the
slab thickness for which f;=98% was set to be the maxi-
mum thickness (s,,,) allowed in the calculation. The values
of 5,4, for graphite, water, air, lead, and copper, along with
the values of s, are listed in Table L. Note s,,,, is much
less than ¢, , the maximum thickness for which the
multiple-scattering theory holds.

The code MSTEST tracked up to 40 million electron his-

tories in each case to obtain a statistical precision on Ggff at
least as good as 0.5%.

IV. RESULTS
A. Thickness-variation effect

Monte Carlo calculations were done for different slab
thicknesses, s, to find the thickness range in which the mass
scattering power is well defined and/or can be accurately
calculated. The caiculated values of 6% for a 15-MeV elec-
tron beam traversing various lead and water slabs are plotted
against the slab thickness in Fig. 3. It is seen from Fig. 3 that
the increase in 62 is proportional to s, when 62 is less than
~0.3 rad® (region of linearity). For thick slabs there is a satu-

TaBLE II. The meanings of the symbols used in Sec. III B as well as in Figs. 1 and 2.

Moliére multiple
scattering from nucleus

Moller deflections
included in PEGS4

Moller deflections
explicitly included in EGS4

Symbol (22 term) [Z(Z+1) term] (& rays)
P Yes Yes Yes
an;ms No No Yes
E{f;mn Yes No Yes
® — 9_30"10" No Yes No
1—9,55 - % - 0‘30"“ Yes Yes No
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0.6
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0.0 :

FIG. 3. The values of the mean-square scattering angle 62, calculated for a
15-MeV electron beam traversing various lead, copper, and water slabs,
plotted as a function of the slab thickness. The slab thickness is expressed as
a fraction of the CSDA range, which is equal to 7.954, 8.472, and 7.219
g/cm? for lead, copper, and water, respectively, at 15 MeV. Only primary
electrons are scored in these calculations.

ration of 62, slightly above ~0.55 rad® for lead and ~0.5
rad” for copper. For water, 6% saturates when the slab thick-
ness is greater than ~70% of the CSDA range. This satura-
tion is because electrons scattered at large angles do not get
out of the slab. Figure 3 shows that the region of linearity
becomes wide if the atomic number is low. It should be noted
that the proportionality shown in Fig. 3 is not entirely due to
the mass scattering power at the initial energy because the
energy loss of electrons and the consequent gradual increase
in scattering power has to be taken into account in thick
slabs.

The mass scattering powers as calculated by Eq. (13) for
15- and 1-MeV electrons traversing lead and water slabs are
plotted in Fig. 4 as functions of the slab thickness. The T/p
values are normalized so that the thickness-independent val-
ues are equal to 1. The plot shows that the calculated mass
scattering power is independent of the thickness in the range
of 0.001-0.5 g/cm? (flat region) for 15-MeV electrons or
0.001-0.1 g/cm? for 1-MeV electrons. This figure shows that
the electron mass scattering power is a well behaved quantity
in the flat region of slab thickness in the sense that the aver-
age square of the scattering angle increases at a constant rate,
independent of the value of #* which is constantly increasing
as the slab thickness increases. This justifies using 6° in Eq.
(13) instead of d6* as in Eq. (1). For slab thicknesses which
are greater than those of the flat region, the decrease of the
mass scattering power is due to the saturation of 62 ob-
served in Fig. 3 and due to the large energy-loss effect which
is no longer properly accounted for by fr. For slabs this
thick, the concept of mass scattering power is no longer
valid. When the slab thickness is too thin, the breakdown of
the multiple-scattering theory results in the underestimation
of the mass scattering power. This represents a breakdown in
the Monte Carlo calculation although the concept of the mass
scattering power continues to apply for thin slabs.

In the following calculations of T/p, we have chosen the
slab thickness within the range of s, — S may (Table I), which
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FiG. 4. The Monte Carlo calculated mass scattering powers for 15- and
1-MeV electrons traversing lead and water slabs as a function of slab thick-
nesses in terms of the CSDA range of the electrons. The CSDA ranges are
7.954 and 7.219 g/cm? at 15 MeV and 0.7843 and 0.4367 glem? at 1 MeV
for lead and water, respectively. The 7/p values are normalized so that the
thickness-independent values are equal to 1.

is in the flat region. It should be noted here that the contri-
bution from secondary electrons is excluded from 62 since
T/p refers to only primary electrons. A calculation for I-MeV
electrons traversing a 0.007-cm thick graphite slab shows
that if included in the calculation, secondary electrons would
make a 0.3% contribution to #%. The effect of secondary
electrons is much greater for thicker slabs. (For more details
about secondary-electron effect, see Sec. IV C.) However,
for the thin slabs considered in the calculations of 7/p, the
effect of secondary electrons would not be significant.

B. T/p versus energy

Electron mass scattering powers were calculated in the
energy range of 0.5—100 MeV, which encompasses the range
of energies of interest in radiotherapy. Three arbitrary thick-
nesses were chosen from the range of s, — .« to calculate
the T/p value for each energy. The mean of the three mass
scattering powers are tabulated in Table IIT for water, air,
graphite, copper, and lead.

It is found that, for high-Z material (lead), the 7/p values
for low (E<2 MeV) and high energies (E=20 MeV) vary
somewhat with the slab thickness. For low energies this
variation may reflect problems with the simulation since
multiple scattering is substantial. For this reason, and be-
cause of the sensitivity to parameters discussed in Sec. I1I B,
we do not present data for lead below 2 MeV and for all
materials the uncertainty may go up to *=1% for values with
energies below 1 MeV. At high energies, bremsstrahlung be-
comes significant. Although the electron angular deflection
caused by bremsstrahlung events is not included in EGS4,
the occasional energy loss caused by the bremsstrahlung
events causes the mass scattering power to increase because
the lower-energy (but still primary) electrons scatter more. It
is found that the 7/p value for 100-MeV electrons on lead
increases by 20% as (), increases from 100 to 1000 (by 9%
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TabLE III. Monte Carlo calculated electron mass scattering powers (rad” cm? g”~!, values have been multiplied by 100). The one standard deviation statistical
uncertainty on the Monte Carlo T/p is generally +0.5%. The overall uncertainty on T/p is +2%. The data marked by “*» exhibit a variation with slab
thickness and are the mean of T/p values calculated for ), between 100 and 200. The lead values marked by ““#” are too sensitive to the transport parameters

to allow accurate values to be determined.

Kinetic Water Air Graphite Copper Lead
energy (MeV) X100 X100 X100 X100 X100
0.5 1065 1052 884 3030 #
0.8 517 511 436 1506 #
1 368 365 310 1081 #
2 126.0 1242 107 372 #
3 65.9 65.2 55.3 195.5 411
4 40.4 404 34.1 122.2 259
5 217 277 235 83.7 178.9
6 20.32 20.32 17.22 61.6 131.7
8 12.39 12.44 10.49 374 80.6
10 8.40 8.29 7.02 254 54.8
15 4.01 4.01 3.40 12.36 26.9
20 243 2.397 2.032 7.35 16.13*
30 1.155 1.141 0.960 355 7.79%
40 0.683 0.674 0.570 2.075 4.63*
50 0.452 0.446 0.377 1.374* 3.07*
60 0.323 0.319 0.270 0.987* 2.216*
80 0.1905 0.1882 0.1579 0.577* 1.312*
100 0.1258 0.1245 0.1048 0.383* 0.874*

for copper). The T/p values tabulated in Table III for lead
and copper for high energies, which are marked by “*,” are
the average of T/p values calculated for 100={},=<200. Even
these values contain a significant contribution from brems-
strahlung events (e.g., 3% of 100-MeV electrons passing
through a lead slab with (=100 lose energy creating a
bremsstrahlung photon). For low-Z materials, even at 100
MeV, the variation with slab thickness is much less (<2%).

A plot of the mass scattering power versus electron ki-
netic energy (E) for lead and graphite is shown in Fig. 5. For
comparison, the values of T/p tabulated in ICRU Report 35
are also included. The relationship on a log—log scale shows
a steady and almost linear drop of T/p with an increase in
electron energy, suggesting a relatively simple relation,
T/pxE™", where n is in the range of 1.5-2.0 depending on
E. In particular, n=1.5 when E~1 MeV for both high-Z
(lead) and low-Z (graphite) materials, while, when E~60
MeV, n=2.0 or 1.85 for high-Z or low-Z materials, respec-
tively. This is comparable to the fit to the data of ICRU
Report 21 done by Werner et al. where n was found to be
equal to 1.78 for materials from water to aluminum in an
energy range of 5-20 MeV.%*

Figure 6 presents the percentage difference between the
Monte Carlo calculated values of 7/p and those in ICRU
Report 35 which did not include the contribution from Mol-
ler scatter in the tabulated 7/p values. As recommended by
ICRU Report 35 and as verified above, multiplication by
Z(Z+1)/Z% is an approximate way to modify the ICRU 35
values to include the Moller scatter contribution. Figure 7
presents the percentage difference between the Monte Carlo
and the modified ICRU 35 values.

The differences between the Monte Carlo and ICRU 35
results exhibit a very limited energy dependence for energies
between 1 and 25 MeV for high-Z materials and for energies
less than 60 MeV for low-Z materials. The differences in-

Medical Physics, Vol. 22, No. 5, May 1995

crease as electron energy increases above these values and is
as much as 30% when E=100 MeV for both cases. One of
the reasons is that Eq. (2) used for calculating ICRU35 val-
ues is only valid for intermediate energies since the effects of
the finite size of the nucleus and electron screening were not
considered rigorously when Eq. (2) was derived.® These ef-
fects limit the validity of the results to a certain range of
energies, viz., those for which Br<280A 32 The upper
limits on electron energy for using Eq. (2) are approximately
24 and 62 MeV for lead and graphite, respectively. The
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FiG. 5. Electron-energy dependence of the mass scattering power for lead
and graphite in the energy range of 0.5-100 MeV. Monte Carlo and ICRU
Report 35 values are included for comparison. The relation T/pxE™",
where n is in the range of 1.5-2.0 depending on E, fits the Monte Carlo
calculations.
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FiG. 6. Percentage difference between the present Monte Carlo results and
those of ICRU Report 35 where %diffl=100[(MC~ICRU35)/ICRU35],
with MC and ICRU3S5 representing T/p values from the present Monte Carlo
calculation and from ICRU Report 35, respectively.

worsening agreement with the present Monte Carlo calcula-
tion shown in Figs. 6 and 7 is consistent with these limits.
Another reason for the disagreement is the bremsstrahlung
effect at higher energies as discussed above.

For energies below ~60 MeV, the Monte Carlo values for
low-Z materials are approximately 22% higher than those in
ICRU Report 35, while there is only about a 1% difference
between 1 and 25 MeV for the high-Z material (lead). This is
mainly because the effect of electron—electron multiple scat-
tering on 7/p values is more significant for low-Z materials
than that for high-Z material and Moller scatter is not in-
cluded in the ICRU35 values.

At energies less than 60 MeV, for low-Z materials as well
as copper the Monte Carlo values are approximately 6%
higher than the ICRU Report 35 values modified for Moller
scatter. Note that this difference is in the opposite direction
from the results of McParland.’

30 b o——o water ]
ek L
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20 | ¥--—-v copper ]
o —— |ead v
b= .
=
ES
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FiG. 7. Percentage difference between the present Monte Carlo

results and the modified ICRU 35 values where

%diff2=100{MC—ICRU35[Z(Z+ 1 ) ZMC}.
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FiG. 8. Percentage difference between the Monte Carlo results and the ana-
lytical values where %diff3=100[(MC —analytic)/MC]. The value at 100
MeV labeled as “lead-no brem” is calculated for a lead slab with £24=1000
and with no bremsstrahlung production simulated.

C. Comparison to analytic calculations

Figure 8 presents the percentage difference versus energy
between the values of T/p calculated by the Monte Carlo
method compared with those calculated analytically by Eq.
(11). The Monte Carlo values agree with the analytical val-
ues within 2% up to 20 MeV for high-Z materials and to 50
MeV for low-Z materials while the difference increases
when electron energy is beyond these values. For very high
energy, the higher difference is caused by bremsstrahlung
events which cause some of the primary electrons to have
much lower energies and thus scatter more. To demonstrate
this, a run was done without simulating bremsstrahlung dis-
crete events (AP=100 MeV) for 100-MeV electrons on a
lead target with {2=1000. In this case the Monte Carlo cal-
culations agree with the analytic values within the 0.15%
precision of the calculations.

There remains a residual 1% to 2% discrepancy at lower
energies. This may result from slightly different numerical
methods used to evaluate the Moliere distribution in the ana-
lytic and Monte Carlo calculations.

The Monte Carlo values of T/p are based on the same
multiple-scattering theory as the analytic calculations but the
Monte Carlo values are more realistic. The Monte Carlo
method has taken into account the effects of large energy-
loss events (i.e., energy-loss straggling) from the creation of
knock-ons and bremsstrahlung. Thus, in general, the data
calculated by the Monte Carlo method are recommended al-
though in the energy range of interest to radiotherapy there is
no practical difference.

D. Comparison to experiment and discussion of
uncertainties ’

Comparison to experimental data is the ultimate test of
any calculation. However, precise experimental data for elec-
tron mass scattering powers are lacking. An experiment that
is considered by many to be a benchmark for testing electron
multiple scattering at low energies (15.7-MeV electrons on
gold) was reported by Hanson ef al.'' Their results agree
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Fi1G. 9. Comparison of the angular distributions calculated by the present
EGS4 Monte Carlo technique with those measured by Hanson et al. (Ref.
11) and those calculated using a Gaussian distribution with the ICRU Report
35’s value of T/p, for 15.7 monoenergetic electrons traversing 18.66 and
37.28 mg/cm” thick gold slabs.

with EGS3 calculations'® and with the present EGS4 calcu-
lation as seen from Fig. 9. The Gaussian angular distribu-
tions calculated using the ICRU Report 35 value for 6° are
also shown in Fig. 9. As recognized by ICRU Report 35, this
Gaussian disagrees with the experimental data and with the
EGS4 Monte Carlo results. The central peak in the experi-
mental data for the thinner target can be fit by a much nar-
rower Gaussian distribution (6* = 1.97 X 10~ rad? com-
pared to ¢° = 4.46 X 103 rad? for both the Moliére and
ICRU calculations). In ICRU Report 35 it is shown that the
Gaussian term of the Moliere theory (used in Ref. 8 to cal-
culate T/p) also fails to fit the central Gaussian shape very
well.

One must be careful interpreting Fig. 9. It demonstrates
that both the Moliére theory and the EGS4 code predict the
angular distribution well and thus we can conclude the cal-
culated T/p is correct. The disagreement of the Gaussian
curve demonstrates the failure of the Gaussian model and not
the inaccuracy of the value of 7/p, which is given correctly
in this case by Rossi’s theory.

Roos et al.?® have presented data on the mean-square
scattering angle measured for various targets and electron
energies. Their data include primary and secondary electrons.
For comparison, the contribution of secondaries to the mean-
square scattering angle has been taken into account in our
calculations of 10-MeV electrons traversing various lead and
graphite slabs. In the calculation of 8%, the fraction of Mol-
ler scatter when both primary and secondary electrons were
scored was assumed to be equal to that when only the pri-
mary electrons were scored. The present Monte Carlo results,
along with the experimental measurements of Roos et al., are
plotted in Fig. 10. Except for very thick slabs, the experi-
mental data are in good agreement with our 6% values cal-
culated for primary and secondary electrons (within +1.5%
for 625<<0.3 rad? for graphite and <0.5 rad? for lead). These
data suggest a preference for the Monte Carlo values of T/p
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Fic. 10. Comparison of the % values calculated for 10-MeV electrons
traversing various lead and graphite slabs with the experimental data re-
ported by Roos et al. (Ref. 20). Note that the experimental data include the
effects of the primary and the secondary electrons, which are found to be in

good agreement with present §2% values calculated for r the primary and the

secondary electrons, except for very thick slabs. The 62 values calculated
for only the primary electrons are also plotted to show the scattering con-
tribution from the secondary electrons. The electron CSDA range is equal to
6.133 and 5.657 g/cm? for lead and graphite, respectively, at 10 MeV.

compared to the ICRU values. The 6% values calculated for
only primary electrons are also plotted in Fig. 10 in order to
show the effects from the secondary electrons.

Recently, Blais and Podgorsak® have indirectly measured
T/p in air for several energies. It is difficult to make a direct
comparison of their 7/p data with ours because the energies
corresponding to the T/p values are also deduced from the
T/p data by using the ICRU values of T/p vs E. (Note that
the T/p data they used to derive the corresponding energies
are those of ICRU Report 35 modified to include Moller
scatter.) However, by combining their data with the results
obtained by other energy-determination methods mentioned
in their article, an indirect comparison has been made which
shows that the present calculated 7/p data agree with their
measurements within ~4% but the accuracy is not adequate
to discriminate between the various calculations of T/p.

A measurement of electron multiple scattering in air for
5.9-MeV electrons was reported by Brahme.?® The 7/p value,
calculated from the measured angular distribution in his ar-
ticle is found to be ~15% lower than the present Monte
Carlo value and ~10% lower than that in ICRU Report 35 if
the effects of Moller scatter are taken into account. The
width of his experimental angular distribution is 12% wider
than we calculate. This suggests that a larger T/p value
should be extracted from the experimental data and yet a
smaller value was determined.

Monte Carlo calculations have been shown to provide ac-
curate simulation of electron transport, as long as the actual
geometry is modeled closely enough.!”?’ High accuracy is
expected for the present calculation since the actual geom-
etry can be modeled almost exactly. The uncertainties in the
present calculation come from statistical and systematic con-
siderations. The statistical uncertainty was below 0.5% (1
standard deviation). The uncertainties in 6% and fj in Egq.
(13) dominate systematic uncertainties. Since the energy loss
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FiG. 11. Depth-dose distributions for a 5-MeV electron beam with 0.1 cm
X0.1 cm field size at the surface of the water, calculated by using the
Hogstrom pencil-beam code with 7/p values from the present Monte Carlo
calculations, from ICRU Report 35 and from ICRU Report 35 but modified
to include Moller scatter. The depth-dose data measured for 10 cmX10 cm
field size are input in this calculation. In terms of agreement, this is a worst
case due to the extremely small field size.

is limited to 2% by our choice of s.,, and the energy-loss
correction given by Eq. (14) is accurate for thin slab thick-
ness, fg is treated as having 0.5% uncertainty. The uncer-
tainty of 6% is governed mainly by the choices of the Monte
Carlo transport parameters as described in Sec. II C and the
overall uncertainty in the Monte Carlo technique. In view of
the good agreement with the high-quality data of Hanson
et al. and Roos et al., a reasonable estimate of the overall
uncertainty on the Monte Carlo 7/p data is 2% (1 standard
deviation).

E. Impact on electron-beam treatment planning

The mass scattering power is used in most pencil-beam
treatment planning algorithms.S'28 We have investigated the
influence of different T/p values on the dose in a homoge-
neous water phantom calculated using the well-known
Hogstrom pencil-beam code.”® We used the Monte Carlo T/p
values and those of ICRU Report 35, both with and without
the effects of electron—electron multiple scattering. The
Hogstrom algorithm forces a fit to the central-axis depth-
dose curve in a 10 cmX10 cm incident beam and thus the
central-axis depth-dose curve in a broad beam is independent
of T/p values. However the T/p values do affect the shape of
individual pencil beams and thus affect the depth-dose curve
for small field size or the penumbra in broad beams. The
depth-dose distribution for a 5-MeV electron pencil beam
with 0.1 cmX0.1 cm field size at the surface of the water
phantom is shown in Fig. 11. It shows about a 10% differ-
ence in the depth-dose curves calculated using the present
Monte Carlo T/p data versus using ICRU35 T/p data. This
figure shows a worst case situation due to the extremely
small field size considered and demonstrates the effects on
an elemental pencil beam. Similar calculations were done for
several energies of electron beams with various field sizes in
a water phantom. As expected no difference was found in the
dose distributions between using the three sets of 7/p values
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for a 5-MeV electron beam with a broad 5 cmx5 cm field
size. For a higher nominal electron-beam energy, 18 MeV, a
general difference of about 7% was found in the relative
depth-dose distributions between using the three sets of 7/p
values for a 0.1 cmX0.1 cm field size, while a difference of
about 3% was observed for a 4 cmX4 cm field size. The use
of high quality 7/p data, which should include the effect of
electron—electron multiple scattering, has an effect on el-
emental pencil beams. This means it will have direct effects
in calculations for small beams and in the penumbral region.
It also suggests effects are possible in nonhomogeneous
phantoms at other points in the beam.

The present study shows that 7/p is only well behaved up
to a given slab thickness. This suggests that in the implemen-
tation of pencil-beam codes the depth step should be chosen
with care, especially for small field size, in order to avoid
problems. The values of s, tabulated in Table I, are a
conservative upper limit on the depth step since for much
greater steps one may encounter the region of rapid drop off
for large steps seen in Fig. 4. Setting the maximum depth
step to be equal to s,,, ensures that the correction needed for
energy loss in each depth step is less than 2%. This may be
too conservative and Fig. 4 suggests that steps up to 10% of
the residual CSDA range may be acceptable.

V. CONCLUDING REMARKS

The results demonstrate that the concept of mass scatter-
ing power is valid since values calculated for different slab
thicknesses are the same. Eventually the concept breaks
down for very thick slabs. The Monte Carlo values of elec-
tron mass scattering power are more accurate than previous
values. This is primarily because they are based on the Mo-
liere multiple-scattering theory which is more accurate than
the simple models used in ICRU Report 35. The Monte
Carlo calculated values are generally in good agreement with
our analytic calculations based on the Moliére theory, except
above 20 MeV where effects of bremsstrahlung induced
energy-loss straggling cause the Monte Carlo values to in-
crease by up to 20% (for 100-MeV electrons on a lead slab
with 2=1000.). The Monte Carlo and analytic Moliere cal-
culations account for the effects of Moller scattering from
electrons by replacing Z? by Z(Z+ 1) in the appropriate for-
mulas. Explicit calculations of the effects of Moller scatter
show that this is a reasonable approximation although it may
be a slight overestimate.

The Monte Carlo values of T/p tend to be about 6% larger
than the ICRU Report 35 values (adjusted for Moller scatter)
for low- and medium-Z materials in the most important en-
ergy range for radiotherapy. We have investigated several
aspects of this to see which approximations may be breaking
down. In the ICRU’s expression there are fairly arbitrary and
simple models of 6, and 6, which take into account
screening and the finite size of the nucleus, respectively. We
find that varying 6, in the analytic expressions has a small
effect on the values of T/p. Using Moliére’s value of 6, in
the ICRU expression makes agreement somewhat worse. The
value of 6,,, is more critical and although an arbitrary cap
on 6, of 1 is traditionally used, increasing this value to 7/2
would significantly increase the ICRU’s values of T/p. We
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also investigated one aspect of the use of the small-angle
approximation by using the small-angle approximation for
the solid angle in Eq. (11) (i.e., using 276 d@ instead of
27 sin 6d6). This increased the Moliere calculated values of
T/p by 4% or 5%, even for very thin slabs because the tails
of the distribution are so important.

However, all of the above considerations are somewhat
secondary. Although the values of 7/p calculated by various
ways are close to each other, the actual distributions pre-
dicted by the Gaussian models versus the Moliére theory are
very different. Figure 9 emphasizes the importance of the
single scattering tails in the calculation of 7/p. In this high-Z
case the values of T/p calculated by the Monte Carlo (Mo-
liere) method or the simple analytic models are very similar
and yet the Gaussian angular distribution with the corre-
sponding value of #? is much too broad. As discussed in
ICRU Report 35, the central peak is indeed Gaussian but
with a much smaller width. This lack of agreement with the
simple Gaussian shape is a well-known flaw and a variety of
approaches to overcome it have been tried.?>*° This lack of
agreement with the fundamental Gaussian shape suggests
that the use of the improved values of T/p calculated here
will not significantly improve results deduced using Gauss-
ian models. Perhaps a more useful approach would be to
tabulate values corresponding to the central Gaussian peak in
the Moliere distribution (as opposed to using the just the
Gaussian term in the Moliére distribution®). These are unfor-
tunately a function of slab thickness but there is some indi-
cation they could be parameterized.* It is not clear whether
this would improve the simple models for electron-beam
treatment planning but it might be useful for various other
applications.
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